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The three-time correlation function that describes resonance Raman~RR! spectra is computed
directly using the Herman–Kluk semiclassical propagator. The trace expression for this correlation
function$C(t1 ,t2 ,t3)5Tr@e2bĤe2 iĤ g(t11t2)e2 iĤ et3e1 iĤ g(t21t3)e1 iĤ et1] % allows forward–backward
time propagation of trajectories over closed time-circuits, leading to efficient convergence in
multidimensional systems. A local harmonic approximation is used to derive an expression for the
density operator in the coherent state representation (^p1 q1ue2bĤup2 q2&). This allows efficient
sampling of phase space as well as simulations at arbitrary temperatures and in arbitrary
coordinates. The resulting method is first analyzed for a one-dimensional problem, where the results
are shown to be in excellent agreement with exact quantum calculations. The method is then applied
to the problem of RR scattering of iodine in the condensed phase. The RR spectrum of an I2

molecule in a xenon fluid at 230 K is calculated and also found to be in excellent agreement with
experiment. ©2001 American Institute of Physics.@DOI: 10.1063/1.1357205#
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I. INTRODUCTION

Spectroscopic observables in condensed media, w
the density of states is effectively infinite, are more natura
expressed through the time evolution rather than the eig
states of a system.1,2 All spectroscopic observables can b
computed from quantum time correlation functions.2 Absorp-
tion and emission spectra are expressed through single
correlation functions, while nonlinear~i.e., multiphoton! pro-
cesses require consideration of correlation functions that
pend on multiple time intervals. Although these expressi
are rigorous, their evaluation is necessarily approxim
since the core problem of the quantum dynamics of a c
densed phase system cannot be solved exactly.

Beginning with the pioneering work of Heller,1 the use
of semiclassical dynamics has been one of the major way
analyze the spectroscopy of complex systems. The fur
development of semiclassical initial value representat
~SC-IVR! methods3 that occurred during the last decade h
raised hopes that quantities as complex as three-time no
ear response functions may be computed for nontrivial s
tems. Indeed, there has been a large volume of work to s
that trajectory based SC-IVR methods, and in particular
use of the Herman and Kluk~HK! propagator, are capable o
accurately describing quantum dynamics.4–16 However, once
again, the applications have been mostly limited to sm
systems. The obstacle in this case has been the poor co
gence of the methods for sufficiently long times due to
highly oscillatory nature of the phase space integration. T
7130021-9606/2001/114(16)/7130/14/$18.00
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method of forward–backward~FB! propagation, introduced
recently, presents the first practical solution to th
problem.17–19

The application of the FB idea is reasonably straightf
ward in electronic spectroscopy where the system is pro
gated on a time-circuit with different~ground or excited
state! Hamiltonians as done recently in several works.16,19 In
this work we extend this approach to the calculation of thr
time nonlinear response functions for many-body system
arbitrary temperatures and, as an application, obtain the
verged result for the resonance Raman~RR! spectrum of the
I2Xe10 36-dimensional system.

In the next section we describe the physics of sponta
ous light emission~SLE! spectroscopy and express the o
served signals through the three-time response functi
Section III is devoted to the semiclassical methods. We s
by describing the HK semiclassical propagation and its
implementation for the calculation of linear and nonline
correlation functions. We then introduce the local harmo
approximation for the density operator, which allows for t
efficient evaluation of correlation functions at arbitrary tem
perature and for the molecular dynamics to be performed
arbitrary coordinates~Cartesian coordinates being the prac
cal choice!. The step-by-step execution of the resultin
method is described in Sec. IV. In Sec. V we apply th
method to compute the resonance Raman correlation fu
tions for a one-dimensional system and compare the res
0 © 2001 American Institute of Physics
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7131J. Chem. Phys., Vol. 114, No. 16, 22 April 2001 Spontaneous light emission
with exact quantum calculations. We show that the spect
can be analyzed in terms of dynamics of individual trajec
ries, and we establish the important properties of the th
time correlation functions and its relation to observable sp
tra. Finally, in Sec. VI we present the results for t
condensed phase I2 in the Xe system and their analysis
terms of molecular dynamics.

II. SPONTANEOUS LIGHT EMISSION

It is well recognized that SLE spectra carry rich info
mation about the femtosecond quantum dynamics of a
tem in its ground and excited electronic states.2,20–22 The
classic example of such experiments are RR and lumin
cence spectra of I2 in condensed media. Such experiments
iodine have been carried out in a variety of environmen
ranging from solid rare gases at low temperatures to conv
tional liquids at room temperature.22–25 The experimental
procedure is conceptually simple: one irradiates the sam
with laser light at frequencyvL , and records the spectrum o
spontaneous emissionI (vL ,vS), wherevS is the frequency
of the scattered light. A typical condensed phase meas
ment@in this caseI (530 nm,vS) of iodine in liquid xenon at
230 K# is shown in Fig. 1.25 The spectrum consists of rela
tively sharp RR lines, and a broad emission background.
information content in such a measurement can be sum
rized as follows:~1! Relative intensities of RR overtonesI i

and their dependence on the laser frequencyvL ; ~2! Broad-
ening and the line shape of the RR overtones which dep
strongly on the vibrational mode of the chromophore and
overtone number; and~3! The intensity of the broad lumi
nescence background and its overall shape. While all of th
observables are formally expressed through the quantum
namics of the system, the means of analyzing spectra h
been limited, since the calculation of the quantum dynam
of a condensed phase system is so challenging.

The light scattering process is schematically depicted
a plot of the chromophore potential energy surfaces show
Fig. 2. The relatively sharp progression of RR lines is due
emission during the ballistic evolution of the system on
excited surface, prior to the interaction of the chromoph

FIG. 1. Experimental SLE spectrum of I2 in liquid Xe, lL5530 nm, T
5230 K. Reprinted from Ref. 25 with the permission of the authors.
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with its environment. The origin of the broad background
less clear;26 it is, however, usually assigned to light emitte
during the vibrational relaxation of a system on the exci
potential energy surface, denoted as ‘‘Fluorescence’’ in F
2.

Our calculations are based on the full time depend
interpretation of SLE.2 Since SLE is a two photon process,
is described by a second order perturbation term with res
to the interaction with the field, which leads to an express
based on three-time nonlinear response correlation functi
For a complete theoretical treatment of the problem we re
the reader to the monograph by Mukamel.2 The application
of this theory to the particular case of I2 in condensed media
is discussed extensively in a recent work by Apkarian a
co-workers.22 For a continuous laser~CW! experiment the
SLE spectrum is expressed as a double Fourier transfor

I ~vL ,vS!52 ReE
0

`

dt3E
0

`

dt2E
0

`

dt1

3@e2 ivL(t11t2)1 ivS(t21t3)R3~ t1 ,t2 ,t3!

1e2 ivLt11 ivSt3R2~ t1 ,t2 ,t3!

1 eivLt11 ivSt3R1~ t1 ,t2 ,t3! #, ~1!

where the nonlinear response functions are given by

R3~ t1 ,t2 ,t3!5Tr@eiĤ (t21t3) m̂ eiĤ t1 m̂ e2bĤ

3e2 iĤ (t11t2) m̂ e2 iĤ t3 m̂#, ~2a!

R2~ t1 ,t2 ,t3!5Tr@eiĤ t3 m̂ eiĤ (t11t2) m̂ e2bĤ

3e2 iĤ t1 m̂ e2 iĤ (t21t3) m̂#, ~2b!

FIG. 2. Schematic representation of the SLE processes, on the I2 potential
energy surfaces.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



ic

b
e
e
d

es

e
un
tio

t
m

pa
s o

v
e

im

n
e

a-

rela-
e
e
ns

g

ere-
qs.
d

nce

ms.
cil-
LE
in
-
pen-

ute
the
re-

tes
ed
i-
an
ption
nic
ply

and
ent

nce
ely
ec-
on-

n
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R1~ t1 ,t2 ,t3!5Tr@m̂ eiĤ (t11t21t3) m̂ e2bĤ

3e2 iĤ t1 m̂ e2 iĤ t2 m̂ e2 iĤ t3#. ~2c!

~Here and throughout the paper we use atomic units in wh
\51.)

When the laser frequency corresponds to a transition
tween two electronic states of the system, the dipole mom
acts as an operator that transfers the wave function betw
the electronic surfaces. We use the commonly made Con
approximation~i.e., that the transition dipole moment do
not depend on the position of the nuclei! so the dipole op-
erator can be written simply as a matrix

m̂5S 0 m12

m12 0 D . ~3!

The response functions in Eqs.~2! are then given as a trac
of the density matrix propagated sequentially on the gro
and excited electronic states. Using the cyclic permuta
rule for the trace, and omitting the constant factor ofm12

4 , we
can rewrite the response functions as

R3~ t1 ,t2 ,t3!5Tr@ e2bĤg e2 iĤ g(t11t2)

3e2 iĤ et3 eiĤ g(t21t3) eiĤ et1 #, ~4a!

R2~ t1 ,t2 ,t3!5Tr@ e2bĤg e2 iĤ gt1 e2 iĤ e(t21t3)

3eiĤ gt3 eiĤ e(t11t2) #, ~4b!

R1~ t1 ,t2 ,t3!5Tr@ e2bĤg e2 iĤ gt1 e2 iĤ et2

3e2 iĤ gt3 eiĤ e(t11t21t3) #. ~4c!

A useful way to interpret the above expressions is
represent them with the Feynman-type time-circuit diagra
shown in Fig. 3. Here the lower lines correspond to pro
gation on the ground potential surface and the upper line
the excited surface. The ends of the circuit are connected
the density operatore2bĤg represented by a circle. The thre
diagrams have important features in common. For the t

FIG. 3. The time-circuit diagrams which represent the nonlinear respo
functions in Eqs.~4!.
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intervalst1 andt3 , the propagation of the density is done o
different electronic surfaces forward and backward in tim
~in the language of Liouvillian dynamics this is called prop
gation of the coherence of the density matrix!. This leads to
the fact that in many condensed phase systems the cor
tion functions in Eqs.~4! are nonzero only for the short tim
intervalst1 andt3 due to rapid electronic dephasing. For th
time intervalt2 , backward and forward propagation happe
on the same potential energy surface~i.e., the electronic
population of the density is propagated!; thus the correlation
function survives for an arbitrarily long timet2 , provided
that t1 and t3 are sufficiently short. Indeed, for the limitin
case oft15t350, all of the correlation functions Eqs.~4! are
unity: R(0,t2,0)[1. The R3 correlation function@Eq. ~4a!#
carries long time dynamics on the ground state and is th
fore responsible for the sharp RR structure. Similarly, E
~4b! and ~4c! include long time propagation on the excite
state. However, the Fourier expression in Eq.~1! does not
include any frequency filtering in timet2 , which results in
the absence of any vibrational structure in the fluoresce
signal.

As far as we know, the correlation functions in Eqs.~4!
have never been explicitly evaluated even for small syste
For model systems such as the multi-mode harmonic os
lator and Brownian oscillator model, components of the S
spectrum in Eq.~1! were obtained in the frequency doma
analytically.2 A limited treatment of RR spectra in the con
densed phase has also been possible using the time de
dent self consistent field~TDSCF! ~Ref. 27! method and
mixed-order semiclassical dynamics.28 In these works, a par-
tially time dependent formulation has been used to comp
the intensities of the RR overtones. If one assumes that
ground state vibrational eigenstates are known, one can
write the contribution ofR3 to the overall spectrum in Eq.~1!
at T50:

I Raman~vL ,vS!5(
i

d~vL2vS2Ei !

3U E
0

`

dt eivLt^c i u e2 iĤ etuc0&U2

, ~5!

where the summation is carried out over all vibrational sta
i of the ground state potential surface. Originally formulat
by Heller and co-workers,20 this treatment has been the pr
mary tool for the analysis of RR spectra. This method c
only be applied to the condensed phase under the assum
that solute and solvent dynamics in the ground electro
state can be completely separated. Thus this treatment sim
avoids the issue of the dynamics on the ground state
addresses only the first property measured in the experim
~i.e., the relative intensities of RR overtones!, while the in-
formation about their line shapes as well as the luminesce
background is lost. The opposite approach, also wid
known but suitable only for the off-resonance Raman sp
trum, is to neglect dynamics on the excited state and to c
sider only the dynamics on the ground state.29 In this limit
the integrals overt1 and t3 in Eq. ~1! are replaced by the
polarizability operators leading to the expression

se
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7133J. Chem. Phys., Vol. 114, No. 16, 22 April 2001 Spontaneous light emission
I Raman~vL ,vS!;ReE
0

`

dt ei (vL2vS)t^â~0!â~ t !&. ~6!

Both approximations Eqs.~5! and ~6! neglect part of the
physics essential for a complete understanding of SLE.

In this paper we apply the semiclassical methods
scribed in the next section toward the calculation of the S
spectra. We limit the present treatment, however, to the
culation of the RR correlation functionR3 . Consideration of
the fluorescence contributions,R1 andR2 , requires only mi-
nor modifications of the methodology and we plan to p
form these calculations in the subsequent work. A stric
classical treatment ofR1 andR2 contributions can be found
in Ref. 22.

III. THEORETICAL METHODS

A. Herman–Kluk propagator

The HK propagator has been the subject of numer
studies.4,5,7,8,10–15,30Here we identify the main concepts th
are important for the present development. The starting p
is the expression of the quantum propagator as a sum
classical trajectories,4

e2 iĤ t5E dNp0 dNq0 Jp0 ,q0 ,t ei Sp0 ,q0 ,t upt ,qt&^p0 ,q0u,

~7!

where we define coherent states as

^xup,q&5S detg

pN D 1/4

e1/2(x2q)g(x2q) 1 ip (x2q). ~8!

In general, the width parameterg can be an arbitrary positive
definite matrix. However, the usual choice ofg is a matrix
that is diagonal in the coordinates in which the classical
namics is evaluated.Sp0 ,q0 ,t is the classical action at timet
of a trajectory originating atp0 ,q0 . The pre-exponential fac
tor Jp,q,t is expressed through blocks of the monodromy m
trix as

Jp0 ,q0 ,t5S detF1

2 S g1/2
] qt

] q0
g2 1/21g21/2

] pt

] p0
g1/2

2 i g1/2
] qt

] p0
g1/21 i g21/2

] pt

] q0
g21/2D G D 1/2

. ~9!

The matrices] qt /] q0 , ] pt /] p0 , ] qt /] p0 , ] pt /] q0

in the above equation are obtained by integrating auxili
equations, which are similar to the Hamilton equations
motion.4,5,7 Instead of 2N independent variables of simpl
Hamiltonian dynamics, the dynamics is carried out for 2N
14N211 variables, which leads to anN3 type scaling for
each individual trajectory. It is not, however, this scaling th
has limited the application of the method so far. With pres
computer capabilities such dynamics can be evaluated
systems whereN is of the order of 100. The main problem
with realistic applications has been the slow convergenc
the phase space integration in Eq.~7!. Consider the applica
tion of Eq. ~7! to calculate an arbitrary correlation functio
of the form
Downloaded 12 Feb 2004 to 128.200.47.19. Redistribution subject to AIP
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^C2ue2 iĤ tuC1&5E dNp0 dNq0 Jp0 ,q0 ,t ei Sp0 ,q0 ,t

3^C2upt ,qt&^p0 ,q0uC1&. ~10!

The phase space integration is usually accomplished by s
pling an ensemble of phase space points$p0i ,q0i% from some
distributionr(p0 ,q0) using the Monte Carlo~MC! method.
Sensible choices for this distribution arer(p0 ,q0)
5^p0 ,q0uC1& or r(p0 ,q0)5^C2up0 ,q0&^p0 ,q0uC1&. The
correlation function is evaluated as

^C2ue2 iĤ tuC1&5
1

n (
i 51

n

r21~p0i ,q0i ! Jtie
i Sti

3^C2upt i ,qt i&^p0i ,q0i uC1&. ~11!

The standard statistical deviation of the right hand side
this equation can be estimated asAtn

21/2, whereAt;^uJtu&
is the average absolute value of the integrand in Eq.~11!.31

For a general nonlinear dynamics the pre-exponential fa
Jt increases exponentially with timet, ^uJtu&;exp(constNt).
This leads to effectively an exponential scaling of t
method with the number of degrees of freedomN. The FB
method, however, presents an elegant solution to
problem.17–19

B. Application of the FB propagation

It is recognized that a large number of observables
be expressed through correlation functions of the form

C~ t !5Tr@e2bĤ Â eiĤ tB̂ e2 iĤ t#, ~12!

which includes propagators both forward and backward
time.17 The main idea of the FB method is to combine the
two operators as a single semiclassical expression suc
Eq. ~7!. Indeed, if a trajectory is propagated with the Ham
tonianH for time t and for time2t ~or equivalently forward
in time with the Hamiltonian2H) it arrives back at the
initial point due to reversibility of classical mechanic
up1t2t ,q1t2t&5up0 ,q0&. Similarly the prefactor reduce
back to its original valueJ1t2t51. Of course, any meaning
ful correlation function would have an operatorB̂ between
forward and backward propagation. The essence of
method worked out by Miller and co-workers18 is the incor-
poration of an arbitrary operatorB̂ into a semiclassical FB
propagator. In this case the backward trajectories do not
actly cancel the forward ones. However, it was shown tha
the effect ofB̂ is small, there is a significant cancellatio
between forward and backward trajectories resulting in
relatively small absolute values ofJ so that Eq.~7! can be
more readily converged by MC.

The FB idea is easily extended for the calculation
correlation functions that arise in electronic spectrosco
where difference in forward and backward trajectories res
from propagation on different potential energy surfaces. T
linear response~electronic absorption! correlation function is
then given by19
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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C~ t !5Tr@e2bĤge2 iĤ et eiĤ gt#

5E dNp0 dNq0 $^p1t2t ,q1t2tue2bĤgup0 ,q0&

3Jp0 ,q0 ,1t2t eiSp0 ,q0 ,1t2t%, ~13!

where Ĥg and Ĥe are the Hamiltonians of the ground an
excited electronic states, respectively. The end point o
trajectory is obtained by integrating the equations of mot
with the He for time t and then withHg for time 2t. Simi-
larly, we can express any of the two-photon response fu
tions Eqs.~4! as

Ri~ t1 ,t2 ,t3!5E dNp0 dNq0

3$^pt1 ,t2 ,t3
,qt1 ,t2 ,t3

ue2bĤgup0 ,q0&

3Jp0 ,q0 ,t1 ,t2 ,t3
eiSp0 ,q0 ,t1 ,t2 ,t3%, ~14!

where the final phase space point is the result of class
propagation on a time-circuit with a series of Hamiltonia
that switch from ground to excited state as specified by
diagrams shown in Fig. 3.

If the ground and excited state Hamiltonians are sign
cantly different, there is little point in propagating traject
ries forward and backward to evaluate the linear correla
function Eq.~13! since there would be minimal cancellatio
However, in a number of condensed phase problems
ground and excited states are different only in few degree
freedom which correspond to the chromophore and mayb
few of the solvent modes coupled to the electronic transiti
Thus, by doing FB propagation in Eq.~13! one effectively
cancels the effect of the nonlinear dynamics of the solv
that is not directly coupled to the chromophore transitio
Moreover, as it is shown in the next subsection the cohe
state density matrix element^p1 ,q1ue2bĤgup2 ,q2& is well
represented under certain conditions by a Gaussian in
position and momentum difference of the phase space po
(p1 ,q1) and (p2 ,q2). Therefore the contribution of trajector
to the correlation function rapidly becomes zero if its init
and final phase space points differ in many dimensions.
combined effect of these two considerations is what ma
the method practical for many-dimensional problems:
there is FB cancellation at least in most of the degrees
freedom, the pre-exponential factorJ stays small and if the
separation between initial and final phase space point
large the contribution of the trajectory becomes negligi
due to the rapid decay of the thermal density matrix elem
For the nonlinear response correlation functions such as
~4! considered in this work, the loop in time is particular
important, since the trajectory runs on different surfaces o
for the short time intervalst1 andt3 and remains on the sam
surface for a longer timet2 .

The only component that is missing so far to make
method practical is a way to efficiently evaluate the dens
operator matrix element in the coherent state representa
The next subsection is devoted to this subject.
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C. Local harmonic approximation for the density
operator

We start by writing the density operator as a path in
gral expression32

^p1 ,q1ue2bĤup2 ,q2&

5E dx1 dx2 ^p1 ,q1ux1&E
t50,x5x1

t5b,x5x2D@x~ t !# e2*Hdt

3^x2up2 ,q2&. ~15!

While this expression can be evaluated directly using ima
nary time path integral methods, here we seek a more
proximate and efficient solution. We assume that the po
(p1 , q1) and (p2 , q2) are sufficiently close that the overla
^p1 ,q1up2 ,q2& is significant. At sufficiently high temperatur
the integration paths in Eq.~15! will be short and they will
not sample the potential in regions far from pointsq1 andq2 .
It is natural then to use the local harmonic approximation
the Hamiltonian in Eq.~15!, i.e., to expand the potentia
energy in a Taylor series around a given pointq0 that lies in
the proximity of the pointsq1 andq2 ,

V~x!'V~q0! 1 V8~q0!~x2q0!

1 1
2 ~x2q0! V9~q0! ~x2q0!, ~16!

where in a generalN-dimensional caseV8 is a vector andV9
is anN3N matrix. At sufficiently high temperature this ap
proximation is of similar order as the semiclassical dynam
itself, since the HK propagator assumes that the potentia
locally quadratic over the width of coherent state Gaussia
Using expression in Eq.~16! the path integral in Eq.~15! can
be evaluated analytically, and we use the known expres
for the harmonic oscillator density matrix in coordina
representation32 to obtain an expression convenient for an
lytical integration

^x̃2Dx/2u e2bĤux̃1Dx/2&'exp@2 bV02 1
4 Dx a Dx

2 1
4 ~ x̃2x0! s ~ x̃2x0!#.

~17!

Here, we changed the variables toDx5x22x1 and x̃5(x2

1x1)/2, andx0 andV0 denote the position and the potenti
energy of the minimum of the harmonic expansion in E
~16!. These quantities are given by the simple relations

x05q02V921V8, ~18!

V05V~q0!2 1
2~q02V921V8! V9 ~q02V921V8!. ~19!

TheN3N matricesa ands are diagonal in the local norma
modes and their elements are given by the expressions

a i i
(0)5miv i

cosh~bv i !11

sinh~bv i !
, ~20!

s i i
(0)5miv i

cosh~bv i !21

sinh~bv i !
, ~21!

where the superscript (0) indicates that these are the va
for the normal mode coordinates,v i being the normal fre-
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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quencies of the system. In an arbitrary coordinate system
matricesa ands are obtained using the standard coordin
transformation.

After we substitute the density matrix approximation E
~17!, Eq. ~15! becomes a Gaussian integral. The actual in
gration is simplest if we useDx and x̃ as integration vari-
ables instead of thex1 , x2 , and leads to the following result

^p1 ,q1ue2bĤup2 ,q2&

'exp@ 2 ~ q̃2x0! s g ~s1g!21 ~ q̃2x0!

2 p̃ ~a1g!21 p̃2bV0 #

3exp@ 2 1
4 Dq a g ~a1g!21Dq

2 1
4 Dp ~s1g!21Dp#

3exp@ i p̃ a ~g1a!21 Dq 2 i q̃ s ~s1g!21 Dp #,

~22!

where we have defined the vectorsq̃5(q11q2)/2, p̃5(p1

1p2)/2, Dq5q22q1 , andDp5p22p1 .
Equation~22! is written as a product of three exponent

factors. When the phase space points (q1 ,p1) and (q2 ,p2)
coincide,Dq5Dp50, and the second and third factors
Eq. ~22! vanish. We are then left with the first term that giv
a local harmonic approximation to the Husimi distributio

^p̃,q̃ue2bĤup̃,q̃&. The second term in this expression
Gaussian in the differencesDq andDp. The higher the tem-
perature the narrower is the width of this Gaussian. The h
temperature limit of the overall expression is obtained
keeping the leading order terms in Eqs.~20! and ~21! to
obtain

b→0: a i i
(0)'2b21mi@gi i , s i i

(0)' 1
2 bmiv i

2!gi i .

~23!
Taking the appropriate limits for the coefficients in Eq.~22!
one notices that the first line reduces to a simple Boltzm
distribution, while the second and third line combine into t
overlap of coherent states leading to a ‘‘local’’ approxim
tion for the density operator

b→0:^p1 ,q1ue2bĤup2 ,q2&'e2bH(p̃,q̃)^p1 ,q1up2 ,q2&.
~24!

Expression~22! is exact for any harmonic system. Fo
anharmonic systems the approximation is valid when
paths in the exact expression in Eq.~15! do not sample the
region far away from the pointsq1 andq2 and the latter two
points are not far apart. As a reasonable criterion, one m
require that the typical displacement of the integration p
in Eq. ~15! is within the width of the coherent stateg21/2

which restricts the temperature tokT*g, i.e., the tempera-
ture is greater or comparable to the uncertainty energy
coherent state. However, at lower temperatures, a typ
condensed phase system is solid and is described quite
by the harmonic approximation. This may validate the use
the approximation over a broad range of temperatures.

It should also be noted that the expression in Eq.~22!
allows for the possibility of the imaginary frequencies a
thus complex matricesa ands. However, for the particular
Downloaded 12 Feb 2004 to 128.200.47.19. Redistribution subject to AIP
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system considered in this work the approximation of t
imaginary frequencies in Eqs.~20! and ~21! by zero was
found to be sufficiently accurate.

Let us now consider the incorporation of the Eq.~22!
within the FB method for the calculation of the correlatio
functions in Eqs.~13! and ~14!. To evaluate these expres
sions, we first sample the initial conditionsp0 ,q0 by MC.
The natural sampling function is given by the Husimi dist
bution since that ensures the same contribution of each
jectory to the response function att15t25t350. After the
point has been sampled we need to propagate many clas
trajectories on the loops specified by given time intervals a
correlate the end points with the initial point using Eq.~22!.
The calculation of the local harmonic approximation to t
potential is computationally expensive, since it requires
agonalization of the HessianV9. Fortunately we can avoid
doing this operation after each time loop by making an
pansion of the potential around the single initial point of
trajectoriesq0 . Thus prior to any dynamics we find the no
mal modes of potential at the origin of trajectories and p
compute all parameters in Eq.~22!. The vectors and matrice
are stored in memory until we are done with these init
conditions to allow the efficient evaluation of Eq.~22!. Note
that the matrix form of Eq.~22! is valid in any coordinate
system, which allows us to perform semiclassical dynam
in arbitrary coordinates.

It is interesting to examine the application of this meth
to a system–bath-like Hamiltonian such as in the I2/Xe prob-
lem we consider later. Consider the Hamiltonians

Hg5H (s)g1H (b)1H (sb) , He5H (s)e1H (b)1H (sb) ,
~25!

where the only part that differs from ground to excited st
is the system HamiltoniansH (s)g andH (s)e ; the bath Hamil-
tonian H (b) and the system–bath interactionH (sb) are the
same for both electronic states. If there is no system–b
interaction@H (sb)50#, the propagation of the bath degre
of freedom cancels exactly, so that aside from carrying
dynamics for bath degrees of freedom, our results are
merically identical to those for the isolated system. If w
introduce the system–bath interaction, the backward tra
tory is formally displaced from the forward one in all degre
of freedom. This many-dimensional displacement of the fi
point from the initial one has two effects: the first is th
growth of the preexponential factorJ, while the second is the
decay of the matrix element^p0 ,q0ue2bĤupf ,qf&. Note that
if the initial and final points are slightly misplaced in all ba
degrees of freedom, the sheer number of the bath coordin
makes the overlap close to zero. Hence, it will be the co
petition between these two processes which determines
readily the MC approximation to Eq.~14! converges. This
issue of prefactor growth vs matrix element decay is v
important in the overall convergence of the method es
cially in many dimensional systems and should perhaps
investigated in a more formal manner. In this work, howev
we have found that this relationship is in our favor and t
method converges very efficiently due to a fast decay of
thermal density matrix element.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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A conceptually simplified method to evaluate the cor
lation functions arises if we use the high temperature ‘‘
cal’’ approximation for the density matrix in Eq.~24!. In this
case the Husimi distribution reduces to a simple Boltzma
distribution, which can be sampled by ordinary MC, and
coherent state density matrix Eq.~24! can be simply evalu-
ated within the code. This simplified method leads to a
merical procedure very similar to the method that was p
posed previously without giving a rigorous derivation.28 In a
recent paper by Kuhn and Makri,19 where the absorption
spectrum of iodine in a one dimensional chain of argon
oms is considered, this approximation has been used for
bath degrees of freedom, while for the I2 vibrational degree
of freedom the density matrix has been constructed from
ground vibrational state. While such an approximation wo
reasonably well for this problem,28 its drawback is the neces
sity to carry out the dynamics in a coordinate system t
separates out the I2 vibrational degree of freedom. In ou
present formulation, the computation can be done directl
the Cartesian coordinates of the atoms.

IV. NUMERICAL IMPLEMENTATION

Here we provide a step-by-step description of the
merical procedure used to compute the nonlinear respo
function in Eq.~4a!. This procedure is as follows:

~1! The Metropolis MC algorithm is used to sample t
initial conditions (p0 , q0) from the Husimi distribution.
Equation~22! is used to evaluate the Husimi distribution,
which the local normal modes as well as the matricesa and
s are recalculated for every accepted step of the MC. A
acceptance of initial conditions the local normal modes
redetermined, the matricesa, s, as well as parametersx0

andV0 are first computed using the expressions in Eq.~20!
and ~21! in the local normal mode coordinate system, a
then converted to Cartesian coordinates. All the matrices
enter Eq. ~22!, i.e., s g (s1g)21, (a1g)21, a g (a
1g)21, (s1g)21, a (g1a)21, and s (s1g)21, are
computed and stored in memory.

~2! Trajectories are propagated on the time-circu
specified by the intervalst1 , t2 , t3 . The time-circuit propa-
gation is rewritten in the following order:

R3~ t1 ,t2 ,t3!5@ e2bĤg e2 iĤ gt2 e2 iĤ et3 eiĤ gt3

3eiĤ gt2 eiĤ et1 e2 iĤ gt1#, ~26!

FIG. 4. The time-circuit diagram which represents the propagation sch
for the semiclassical evaluation of the response functionR3 .
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which is represented by a slightly different time-circuit di
gram shown in Fig. 4. This is possible since the propaga
on the ground state Hamiltoniane2 iĤ gt commutes with the
density operatore2bĤg. This ordering has the numerical ad
vantage of separating the propagation along thet2– t3 plane
from the t1 interval.

~3! At the end of each time-circuit the final phase spa
point is correlated with the initial one using Eq.~22! with the
matrices precomputed from step~1!. We add the contribution
of a trajectory as given by Eq.~14! to the total correlation
function.

~4! For a given set of initial conditions, the propagatio
is repeated for all grid points along the three time axes.

~5! Steps~1!–~4! are repeated until convergence of th
phase space integral Eq.~14! is reached.

The classical propagation forward in time is obtain
with the first order symplectic steps

p~ t1dt!5p~ t !2V8~q~ t !! dt;

q~ t1dt!5q~ t !1p~ t1dt!/m dt; ~27!

and the backward propagation is done by the steps

q~ t2dt!5q~ t !2p~ t !/m dt;

p~ t2dt!5p~ t !1V8~q~ t2dt!! dt. ~28!

Similar expressions are used to compute the dynamics o
monodromy matrix. Note that while the accuracy of the fi
order integrator is onlyO(dt2), complete numerical revers
ibility of forward and backward propagation is satisfied. Th
turns out to be crucial for the successful application of
method to many-body nonlinear systems where the num
cal divergence of forward and backward propagation due
integrator error could lead to a substantial loss of the co
lation.

V. ONE-DIMENSIONAL SYSTEM

In this section the Raman three-time correlation funct
R3(t1 ,t2 ,t3) is calculated for a one-dimensional system. T
problem of choice is an isolated I2 molecule represented b
two electronic states. The potentials of the ground X a
excitedB electronic states are given by the Morse functio
used previously,28 which are shown in Fig. 2. The correlatio
function is computed on a three-dimensional time g
t1 ,t350,1, . . . ,25 fs,t250,5,10, . . . ,3000 fs. The choice of
time intervals and step sizes is motivated by the physics
the problem. A duration of 3000 fs fort2 determines the
resolution of the Raman spectral lines, the time step ofDt2

55 fs is a lower limit to obtain the spectrum in a sufficient
wide spectral rangevmax52p/Dt256700 cm21. The inter-
vals t1 and t3 are chosen with the condensed phase appl
tion in mind: 25 fs resolves the initial decay of the corre
tion function due to the rapid motion of the wave packet
the repulsive wall of theB state. In the condensed pha
these time intervals are sufficient, since after the initial de
the correlation remains zero. In the one-dimensional prob
restriction of the times simply makes the potential of theB
state effectively dissociative~i.e., the vibrational spectrum o
stateB is artificially taken to be continuous!.

e
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FIG. 5. Resonance Raman spectra
the one dimensional system atT50
~see text!. ~Top panels! 400 phase
space initial condition semiclassica
calculation;~middle panels! 20 phase
space initial condition semiclassica
calculation; ~bottom panels! exact
quantum mechanical results.
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In one dimension we compare the semiclassical calc
tions to the results of the exact quantum calculations. T
quantum response functions are constructed on the same
in t1 ,t2 ,t3 space by using the vibrational eigenstate repres
tation of quantum propagators

R3~ t1 ,t2 ,t3!5 (
i , j ,m,n

e2bEie2 iEi (t11t2)e2 iEmt3

3eiE j (t21t3)eiEnt1^ i um&^mu j &^ j un&^nu i &,

~29!

where the Roman indicesi, j enumerate the vibrationa
eigenstates of theX potential and the Greek indicesm andn
are the states of theB surface. The energies and the Fran
Condon factors of the vibrational states are computed u
the standard DVR method.33 It should be noted that, al
though the procedure is straightforward, it is significan
less efficient than the semiclassical dynamics due to the
large number of summations in Eq.~29!.

Since theX state potential is described extremely well
a harmonic oscillator in the region around its minimum, t
local harmonic approximation for the density matrix is va
at all temperatures. We first compute the response func
and the spectra for theT50 case. The RR spectra shown
Fig. 5 are obtained by taking the double Fourier transform
Downloaded 12 Feb 2004 to 128.200.47.19. Redistribution subject to AIP
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the response functions. A Gaussian window function is
plied in order to smooth the oscillations in the spectral lin
that occur due to the ‘‘box’’ integration. The spectra a
given by

I Raman~vL ,vS!52 ReE
0

`

dt3E
0

`

dt2E
0

`

dt1e2(t2 /tw)2

3e2 ivL(t11t2)1 ivS(t21t3)R3~ t1 ,t2 ,t3! ~30!

at the laser frequency ofvL52pc/lL and window param-
eter tw51600 fs. The results of the 400 initial condition
simulation~Fig. 5, top panels! are virtually indistinguishable
from the exact quantum simulations shown in the bott
panel. The spectrum converges very rapidly with respec
the number of the initial phase space points in the calcu
tion. Note that one initial phase space point gives rise
nt1

3nt2
3nt3

5253600325 slightly different classical tra-
jectories. Aside from a higher level of noise, there is
noticeable difference between the 20 and the 400 trajec
simulations shown in Fig. 5. Interestingly, all semiclassic
calculations have small spikes at the frequencies of the a
Stokes transitions@vL2vS52(Ei2E0)#, this is the result
of the incomplete representation of the ground vibratio
state by the ensemble of initial conditions. When the num
of initial phase points is increased the relative contribution
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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this artifact becomes smaller. In Fig. 6 we show the spect
calculated at the temperature of 230 K~note the anti-Stokes
line and anharmonic splittings at high overtones!. Comparing
the spectrum with the exact quantum result~bottom panel!,
once again, we find nearly exact agreement.

One more interesting feature of all the calculated spe
is the negative background observed in both the semicla
cal and quantum results. This arises from the artificial pa
tioning of the total SLE spectrum into theR1 , R2 , andR3

parts. If we perform the analytical double Fourier transfo
of Eq. ~29! we find, besides the standard Raman express
the two negative fluorescencelike terms that cancel out w
the parts that correspond toR1 and R2 contributions. Since
our time limits do not resolve the eigenstates of theB state,
instead of the discrete lines a broad negative signal is
served.

The surprisingly good convergence of the spectra w
the number of initial conditions encouraged us to look at
spectra generated from just a single point in phase spac
Fig. 7 we show the spectrum obtained from a single po
p0 ,q0 selected randomly from the Husimi distribution atT
50. The result is very similar to the real spectrum. We n
tice that the spectrum is not purely real which means that
cancellation of complex parts is a result of quantum interf
ence of trajectories originating at different points in pha
space. The relative intensities are different from the c
verged spectrum, since they depend on the sampling of
tial conditions in phase space. For example, a single tra
tory spectrum always has a nonzero anti-Stokes contribu
unless the initial conditions happen to coincide with t
minimum energy point. Finally, we notice that in the sing
trajectory spectrum the spectral lines are spaced evenly,

FIG. 6. Resonance Raman spectra of the one-dimensional systemT
5230 K, computed with the semiclassical method~top panel! and the exact
quantum mechanical result~bottom panel!.
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carry no information about the anharmonicity of the grou
state potential. Nevertheless, it is possible to use as a re
ence a spectrum generated from a single phase space p
i.e., given by a single term in the sum of Eq.~14!. This
language may be useful in discussing many-body syste
where such analysis can establish the correspondence
tween spectral features and the actual dynamics of the
tem ~e.g., broadening of the particular lines and the cor
sponding interactions with the bath!.

To examine the connection between the dynamics of
individual trajectory, its correlation function and its spe
trum, let us look at a phase space portrait of a trajectory
t156 fs, t251200 fs, andt356 fs shown in Fig. 8. The
circular orbits correspond to the propagation of trajecto
forward for time interval1t2 ~small circle! and backward
for the interval2t22t3 ~large circle! on the ground state
PES. The long, nearly vertical, lines are the result of pro
gation on the excited PES for1t3 , and for2t1 time inter-
vals. The correlation function is large when the overlap b
tween the final and initial position is large. In the picture w
have drawn circles around the initial and final positions t
represent the coherent states. The times have been sel
so that the overlap is high. This means that the propagat
on the excited state forward must roughly cancel the pro
gation on the excited state backward in time. Thus we c
clude that the correlation is the largest whent1't3 , and the
propagation on the larger circle for timet2 consists of whole
number of vibrations. The latter can be verified by plotti
the response functionR3(t8,t,t8) vs t at a givent8 as it is
done in Fig. 9. Here the plot is the result of an ensemble
400 trajectories, which leads to the broadening of the co
lation recurrences due to the anharmonicity of the system

If we rewrite the expression of Eq.~1! for the spectrum
as

I Raman~vL ,vS!52 ReE
0

`

dt3E
0

`

dt2E
0

`

dt1ei @~vL1vS!/2#(t12t3)

3ei (vL2vS)(t21 @~ t11t3!/2#)R3~ t1 ,t2 ,t3! ~31!

we can better understand the physics projected by the Fo

t

FIG. 7. Semiclassical RR spectrum obtained by sampling a single in
condition in the phase space.
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filters. The second exponential in Eq.~31! filters the frequen-
cies that correspond to the differences in the actionS1t2t

that result from the difference in the motion on large a
small circles in opposite directions. The overtone that co
sponds to a trajectory is given by the phase space vol
located between the large and the small circle as given by
Born–Sommerfeld quantization rules. In the example sho
in Fig. 8, the trajectory roughly corresponds to the fifth ov
tone. Larget1 and t3 lead to high displacement between t
circles, thus they are mainly responsible for the high R
overtones, while the smallt1 and t3 result in the backward
propagation being very close to the forward propagation
mainly contribute to the Raleigh line (vL5vS) and the near-

FIG. 8. Phase space portrait of the trajectory that enters into the sem
sical evaluation of the nonlinear response function. Both momenta and
ordinates are plotted in a.u.

FIG. 9. The nonlinear response functionR3(t1 ,t2 ,t3) as a function the time
t2 at fixed t15t3510 fs for the one-dimensional system.
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est RR lines. The first exponential simply makes sure that
laser light is in resonance with the energy difference betw
the two electronic states.

Let us now turn our attention to the correlation functio
itself and its convergence with respect to the number of
jectories. An important property of the correlation functio
is their proper limit when the timest1 or t3 are equal to zero.
If either of those times is zero the forward and backwa
propagators on timet2 cancel each other and we obtain th
simple result,

R3~0,t2 ,t !5C~ t !, ~32!

R3~ t,t2,0!5C* ~ t !, ~33!

whereC(t) is the linear response correlation function in E
~13!. The property in Eq.~33! is a numerical identity in our
semiclassical evaluation. Indeed, if we consider the diag
in Fig. 4 with the zero time loop at its right end, the classic
forward and backward propagation ont2 exactly cancel each
other, and we end up with the simple semiclassical eva
tion of the functionC(t). The identity in Eq.~33! holds for
each individual initial phase space point. However, the pr
erty in Eq.~32! is not satisfied for an individual initial con
dition. In the case oft150, the left side loop of the diagram
Fig. 4 is collapsed; this, however, does not result in the c
cellation of backward propagation on thet2 interval. Since
the dynamics is nonlinear the divergence of initial and fin
position grows witht2 for a given time intervalt3 . The HK
prefactor somewhat corrects for this effect; however, t
correction is by no means an identity so this property
comes satisfied~or approximately satisfied, since the sem
classical expression is not exact! only as a result of an inter
ference in an ensemble. This property is quite valuable si
Eq. ~32! can be used as a measure of convergence of
calculation. In Fig. 10 we plot the functionsR3(0,t2 ,t) vs t2

at t 5 1, 3, 10 fs. The solid lines on the right represent t
exact result given byC(t), the thick lines represent the resu
of a 400 initial condition calculation, the thin lines unde
neath are the result of the 20 initial condition run. By exa
ining these plots we can observe the loss of converge
with increasing timest2 and t.

VI. MANY-BODY CALCULATIONS

In the present calculation the simplest model will
used for the I2 in liquid Xe. The same Lennard-Jones pote
tials are used for the Xe–Xe atom–atom interactions a
Xe–I interactions and are given by the parameterse5282 K
ands53.89 Å. The I2 X andB potentials are taken to be th
Morse functions as used in the one-dimensional example
was found that the smallest model that resembles a fl
must include at least a total of 12 atoms under perio
boundary conditions. A lower number of atoms leads to
significant reduction in the binding energy since the ato
do not have a full set of nearest neighbors. The simulat
box size was initially chosen to be 10.2 Å, which corr
sponds to the density of liquid Xe at 230 K, and then it w
adjusted to be 9.5 Å in order to roughly bring the over
pressure to zero. The pressure was evaluated by classica
simulations. Simple MD trajectories at 230 K showed th
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FIG. 10. The nonlinear response func
tion R3(t1 ,t2 ,t) as a function the time
t2 at fixed t150;t51,3,10 fs for the
one-dimensional system compared
the values given by the linear correla
tion functionC(t).
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indeed the system shows liquidlike behavior with Xe ato
diffusing across the box on the time scale of several picos
onds.

All the calculations were done in the Cartesian coor
nates of the atoms. The matrixg was chosen to be diagona
with the diagonal elements corresponding to a frequency
cm21 in every degree of freedom. This choice is arbitra
however in our unit system it satisfies both criteriakT*gi i

and that the local harmonic nature of the potential is insu
over the width of the Gaussian. This choice was tes
by performing the similar calculation for the correlatio
function R3 with the gi i 5120 cm21 which verified that
results do not depend on this parameter. The overall con
gence of the semiclassical method does not depend sig
cantly on this parameter as well. The correlation functionR3

was calculated for the timest1 ,t350,1,2, . . . ,19 fs, t2

50,5,10, . . . ,1800 fs.
The spectra at various laser frequenciesvL generated

from the response function atT5230 K are shown in Fig.
11. The response functionR3 was obtained by running a tota
of 288 trajectories. The overall appearance of the spectru
quite similar to the experimental one aside from the bro
background~see Fig. 1!. Clearly the broadening of the vibra
tional overtones grows with overtone number. A compl
numerical comparison is somewhat difficult due to the no
in both the experiment and simulation. However, several
servations can be made. The width of the overtones 1–
the experimental spectrum are limited by the instrumen
resolution. For the overtones 7–8, both the experimental
calculated FWHM are 80610 cm21. The widths of the over-
tones 11 and higher become larger than the spacing betw
the overtones both in experiment and simulation.

We can analyze the convergence of our results in
different ways. First is the standard criterion of convergen
— independence of the spectrum on the number of traje
ries. As in the one-dimensional case it was found that
spectrum converges very rapidly: a 40 trajectory run give
spectrum that is nearly the same as that shown in Fig.
The other convergence criterion is the property of the
Downloaded 12 Feb 2004 to 128.200.47.19. Redistribution subject to AIP
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sponse functionR3 in Eq. ~32!. In Fig. 12 we show the
response functionR3(0,t,t3) for t351 and 5 fs and compare
that to the straight lines given by the known behaviorC(t3).
For t351 fs, the property in Eq.~32! is roughly satisfied
over the whole range of time. For higher times (t3*4 fs!,

FIG. 11. Resonance Raman spectra computed for different excitation w
lengths for the I2Xe10 system.
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however, we find that the response function starts to dev
from the straight lines starting at aboutt51000 fs. We have
not observed any dependence of this deviation on the siz
the calculation in the range between 40 and 288 trajecto
This deviation can be interpreted in two different ways. Fir
it is possible that the actual accuracy of HK propagator~7! is
not sufficient to satisfy~32! at t above 1000 fs. Second, w
may not have the full convergence with respect to the nu
ber of trajectories att.1000 fs. It is possible that the sig
nificant contributions to this particular slice of the respon
function at hight is given by the rare initial conditions tha
are not being sampled at the numbers of trajectories tha
can afford. In either case the correlation function seems to
converged att,1000 fs, which validates most of our result

Let us now analyze the broadening of the overtones
Fig. 13 the response functionsR(t8,t,t8) are plotted and a
higher rate of decay witht is clearly observed, the higher ar
the timest8. This analysis leads to another interesting obs
vation: the Raleigh line must have an infinitely sharp co
ponent even in systems with significant dephasing si
R3(0,t2,0)[1.

Two mechanisms can be proposed for the broadenin
the overtones. The first is the homogeneous broaden
which is the result of the interaction of the I2 motion with the
solvent degrees of freedom. The second is the inhomo

FIG. 12. The nonlinear response functionR3(t1 ,t2 ,t3) as a function the
time t2 at fixed t150;t351,5 fs for the I2Xe10 system compared to the
values given by the linear correlation functionC(t).
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neous broadening that results from the spread of the vi
tional frequencies of I2 depending on the solvent configura
tion. The single trajectory calculations shown in Fig.
show that the broadening for an individual trajectory is ty
cally smaller than the one observed in the overall spectr
which points to the second mechanism.

The efficiency of the method, i.e., the small numbers
initial conditions at which the spectrum is converged see
impressive. It is even more remarkable if we note that at
end of the forward propagation for 1800 fs the average
solute value of the pre-exponential factor is^uJ1tu&;108.
This extreme growth of the prefactor is caused by the n
linear dynamics of the liquid. However, most of this dynam
ics cancels out during the backward propagation to end

FIG. 13. The nonlinear response functionR3(t1 ,t2 ,t3) as a function the
time t2 at fixed t15t351,5,10 fs. for the I2Xe10 system.

FIG. 14. RR spectrum of I2Xe10 obtained by sampling a single initial con
dition in the phase space.
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with very small prefactors at the end of the loop^uJ1t2tu&
;1.1210. This observation suggests that for most solv
degrees of freedom the monodromy matrix at the end of
loop is exactly unity; thus, for these degrees of freedom
may not be necessary to evaluate the monodromy matri
all, which, for a large system, could mean a significant g
in efficiency. A modified method along those lines, which w
propose for future investigation, would include two steps:~1!
a single test trajectory is propagated to determine the su
of degrees of freedom that interact with the electronic tr
sition at given initial conditions;~2! in the computations fol-
lowing from these initial conditions the monodromy matr
is computed only for the subspace found in step~1!. The
present calculation took about one week on 48 Pentium
nodes of an Intel cluster. Application of the method to
larger system might require the implementation of the ab
approximation to avoid anN3 scaling in the calculation o
the dynamics.

VII. CONCLUSIONS

In this work, a practical method for the semiclassic
calculation of multiple-time quantum correlation functions
systems of large dimensionality has been demonstrated.
method combines:~1! HK semiclassical propagation;~2! FB
evaluation of trajectories over time-circuits; and~3! a new
expression for the thermal density matrix in the represe
tion of coherent states. The full second-order semiclass
MD has been computed for the 36-dimensional system w
realistic pair potentials as sole input. We note that dynam
of a 40-dimensional system with a model PES has been
cently calculated by Miller and co-workers.18

To our knowledge, this is the first work in which th
three-time nonlinear response function is computed dire
from the molecular dynamics of a complex system. Here
have specialized the application to RR spectra in conden
phase.34 It should be recognized, however, that three-tim
correlation functions describe the whole family of cohere
four-wave mixing spectroscopies, such as CARS and pho
echo.2 Thus, this work opens up the door to direct MD i
terpretation of the large volume of modern experiments
the field of femtosecond nonlinear spectroscopies.35,36 The
application of time-circuit diagrams to the analysis of tim
resolved CARS experiments in condensed phase37 and
gas phase experiments involving large rovibratio
superpositions,38 has recently been illustrated. Finally, w
should note that time correlation functions that descr
quantum evolution over optically coupled electronic sta
are also appropriate for describing nonadiabatic dynam
over multiple electronic states with various couplings.
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