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to Density Functional Theory

by Paul Hessler

Dissertation Director: Professor Kieron Burke

Quantum mechanics has been around since Erwin Shroedinger first wrote down
the equations used to describe such systems in 1926. Since that time, the need for
a wave function to describe the system and be used in the Shroedinger equation
has made all but the simplest systems impossible to investigate exactly. In thoery,
the Shroedinger equation allows for calculation of many quantities of atoms and
molecules but in practice, the wave function of such systems is not known and
nearly impossible to determine.

Upon the realization that this problem existed with the wave function, sci-
entists started trying to devise approximate methods that might produce the
correct results of the actual system of interest with. Early attempts provided
encouraging, but not accurate results.

In 1964, Walter Kohn and Lou Sham devised a methodical system that mapped

the actual density of the system onto a fictious system where the electrons did
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not interact, called Density Functional Theory. It is the interaction between the
electrons that complicates the process of determining a wavefunction of an actual
atom or molecule. This theory is also exact and has a flaw in practice. The
energy of the actual interaction between the electrons is broken into pieces, most
of which can be calculated relatively easily. However, one quantity known as the
exchange-correlation energy has no explicit functional form. This means that it
must be approximated. Done well, this energy can be calculated within a few
percent of the correct value for a large collection of atoms and molecules in their
ground states.

Much less research has focussed on systems that have external time-dependent
fields applied to them and how that effects the exchange-correlation functional.
There have been many attempts to write functionals that generate ground-state
exchange-correlation energies. These have been implemented in commercially
available programs and have been widely used. While these functionals work well
in some time-dependent cases, they work very poorly in others. The body of
research prented here is an attempt to discover the properties of time-dependent

systems and improve functionals for time-dependent systems.
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Chapter 1

Introduction

The following three papers were written all or in part by me. This introduction
will detail my contributions to each of the papers. The first paper was an invited
paper published in a high school teacher’s conference proceedings. The last two
papers were accepted to peer-reviewed journals.

The first paper was an invited paper following a presentation at the Partners
in Science conference in Tuscon, Arizona in January, 2000. Partners in Science is
a high school teacher and college professor two-year research collaboration. The
paper appeared in the Partners in Science conference proceeding for that year.
This paper was written entirely by me and serves as an introduction to the subject
matter contain in the two other papers included here.

The programming, generation of the data, figures and results pertaining the
the time-dependent virial theorem were done by Jang Park and me in the sec-
ond paper. Jang was responsible for the solution of the Kohn-Sham equations
given the time-dependent densities generated by my code. This work lays the
foundation for the third paper in which the theorems and theoretical results were
explored in more detail.

In the third paper, all the programming that generated the data, figures and
results were done by me. The sections on memory and inital-state dependence
were contributions of Neepa Maitra. I was responsible for the exploration of
the behavior of the radically different behavior of the time-dependent correlation

energy.



These three published works serve as an investigation of the behavioral differ-

ences of Kohn-Sham density functional quantities in time-dependent potentials.



Chapter 2

The basics of Time-Dependent Density
Functional theory

2.1 Introduction

In the early part of this century scientists first discovered the equations that de-
scribe the relationship between a wave function for an electronic system and the
energies arising from that wave function. Since that time, attempts have been
made at accurate calculations for the energies of real materials such as atoms,
molecules and solids. Density functional theory (DFT) has enjoyed increasing
popularity in recent years as a calculation tool in chemistry and physics due to
its combination of accuracy and efficiency [1]. In fact, there have been such signif-
icant advances in DFT that Walter Kohn was the co-recipient of the 1998 Nobel
prize in chemistry [1] for his development of density functional theory and his
subsequent work to advance density functional theory . Most of the work in DFT
has been done on systems in their ground-state: a system that is in its lowest
energy state and is not changing over time. Ground-state calculations predict
geometries of molecules, bond energies, rotational and vibrational spectra, etc.
[3]. Now, time-dependent systems, systems that do change over time, must be
more thoroughly explored. This will allow calculations of atoms and molecules
in intense laser fields, atoms and molecules undergoing energetic collisions, cal-
culation of excitation spectra, etc [3]. In the present work, some exciting new

time-dependent behaviors have been observed.



2.2 Theory and Background

Before continuing, some basic definitions will be presented. The most basic item
in the systems which apply to our work is the wave function. A wave function
is a mathematical description of the arrangement and interaction of electrons in
a system. A system can be any arrangement of electrons with a potential to
keep them in the system. Interesting real systems are atoms, molecules, and
solids. For our work, Hooke’s atom (two electrons in a harmonic potential) was
chosen. Hooke’s atom has two electrons that interact, as do the electrons in a He
atom. Hooke’s atom was chosen as a model because the potential force holding
the two electrons together is different from that of an atom, which simplifies the
calculations.

As explained in Sec. 2.1, there is a mathematical equation that relates the
wave function and the energies that a particular wave function will produce. This
is a partial differential equation named the Schrodinger equation after Erwin
Schrodinger, the physicist who discovered it. The Schrodinger equation simply
describes how the different kinetic and potential energies change with respect
to their position in the system. The wave function and Schrodinger equation
have both a ground-state and a time-dependent form. The time-dependent forms
have been used in this work. The time-dependent Schrodinger equation not only
describes changes due to position but also changes due to time [2]. When the
system is moved forward in time a new wave function, a new electron density,
and different energies are produced. An electron density is an expression of the
probability distribution of the electrons in a system. The potential keeping the
electrons in the system and the electron-electron interaction which causes the
electrons to repel each other both play a part in the distribution of the electrons.

Although the Schrodinger equation is the equation that must be used to calcu-

late the energy of an electronic system, it acts on a wave function. This presents a



significant computational problem: for interacting systems with many electrons,
the wave function is far too complex to write down. This means that simply in-
serting a wave function into the Schrodinger equation and calculating the energy
is impractical. If, however, the interaction between the electrons could somehow
be ignored, that would simplify the wave function and the calculations could be
performed. In effect, the problem need only be solved for each electron in the
system. However, simply ignoring the electron-electron interaction will remove a
significant part of the system and the energies will be incorrect.

Since the development of the Schrodinger equation, scientists have been seek-
ing a way to ignore the interaction between the electrons and still get accurate
energies. Density functional theory was the answer to this question. Density
functional theory was formalized in 1964 when Walter Kohn and Pierre Hohen-
berg proved that there is at most one exact mapping from an interacting to a
non-interacting system [6]: these are mappings in which the density distribution
of the electrons in the system remains exactly the same. The new equations for
this system are called the Kohn-Sham equations [60].

Once the transformation has taken place, the resulting system is a fictitious
one where the density is the same but the wave function and energy components
are different. Although the Kohn-Sham equations are an exact mapping, there
still exists one piece of these equations, the exchange-correlation potential, that
must be approximated because its exact form is not known [3]. It is the accuracy
of this piece that determines the accuracy of a real DFT calculation. Over the
last two decades, many functional approximations for the exchange-correlation
potential have been made. Improvements have all been for the ground-state of
a system. These functionals are functions that act on the density of the system
rather than the wave function. Time-dependent systems have been studied us-
ing these ground-state functionals but little is known about the accuracy of the

application of ground-state functionals to time-dependent systems. The focus of



the work contained in this paper is to explore these differences.

2.3 Results

In ground-state density functional theory, the development of constraints on the
exchange-correlation potential has produced more accurate functionals. One such
constraint has been generalized to time-dependent systems [48]. The constraint
is familiar in this field of study and is called the virial theorem. This theorem
describes the relationship between the energy components in an electronic system
and the potential. For any atom or molecule in its ground-state, twice the kinetic
energy minus the external potential energy plus the electron-electron interaction
energy is zero [20]. This makes sense as this would imply that the energy is bal-
anced and the system is not changing. The virial theorem for the time-dependent
systems is not zero and this was also as expected. Since a time-dependent system
changes over time, there must be an external force acting on the system thus
changing the energy of the system over time. This force is adding energy to the
system and there would not necessarily be a balance of the internal energies in the
system. Once the theorem was written down for the interacting system, it was
transformed for the Kohn-Sham system and lead to a constraint on the exchange-
correlation potential. Although the time-dependent constraint is the same as the
ground-state form, the quantities being constrained can behave quite differently
in a time-dependent problem.

The virial theorem can be used as a check on the solution of a system. Since
it describes how the energies relate to other system components, plotting both
sides of the equation on one graph will indicate the accuracy of the calculations.
The plot in Fig. 1 displays the accuracy of a calculation that was performed.
Time is plotted along the x axis and energy is plotted along the y axis. The top

two curves being plotted are E. + T,, the limiting quantity, and the virial for the
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Figure 2.1: Virial plot for the time-dependent Kohn-Sham system. The solid
line is Ec + Tc, the dotted line very close to the solid line is the virial of the
correlation potential and the bottom dashed line is the corresponding ground-
state calculation of Ec+ Tc.
Kohn-Sham equations of the correlation potential. E. and 7, are energies that
are only present when there is some electron-electron interaction present. These
quantities are part of the difference between the interacting system and the Kohn-
Sham system. The virial is a quantity that describes the change in the correlation
potential with respect to position. As the plot indicates, these quantities are
very close to each other indicating very good accuracy of the calculations. Both
quantities also change over time, indicating a change in the system over time.
The bottom curve plotted in Fig. 1 is the value of Ec + T'c for a ground-
state calculation. This would be the result of ignoring the time-dependence of the
functional and calculating E'c+7'c for a system in its ground state with the density
at that instant in time. It agrees with the true time-dependent curve initially,
as the calculation begins with the system in its ground state. The difference in
the two curves indicates that using a ground-state functional in a time-dependent
calculation would not properly include the correlation energy. E. + T, for the
time-dependent functional achieved a positive value as the system changed over

time. F, + T, for ground-state ground-state calculations has always been found



to be negative. No ground-state functional can produce the positive value found

in our accurate time-dependent calculation.

2.4 Conclusions

Calculations that are performed using density functional theory depend on the
accuracy of the approximation used for the exchange-correlation potential. Since
the behavior of time-dependent systems can be very different from ground-state
systems, it will be necessary to develop new approximate functionals that will
behave properly in time-dependent systems. Although the work done in this
paper is but a first step, the results clearly show that time-dependent systems
exhibit very different behavior and ground-state functionals will not work for all

time-dependent systems.
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Chapter 3

Several Theorems in Time-Dependent Density
Functional Theory

The time-dependence of the exchange-correlation energy in density functional
theory is given in terms of the exchange-correlation potential. The virial theorem
for the exchange-correlation potential is shown to hold also for time-dependent
electronic systems, and is demonstrated for an exactly-solved model, Hooke’s
atom with a time-dependent force constant. A relation between the coupling
constant and functionals evaluated on scaled densities is derived.

Ground-state electronic density functional theory (DFT) has long been used
to perform electronic structure calculations of solids, and has recently become
popular in quantum chemistry[1]. Many useful properties can be derived from
calculations of ground-state electronic energies, such as geometric and vibrational
structure and static response functions.

An important part of making DFT results useful to the broad community
of users has been in improving the accuracy of approximations to the exchange-
correlation energy functional, Exc[n], the only part of the energy which must be
approximated in a Kohn-Sham calculation[60]. A vital part of this approach,
in turn, has been the study of exact conditions satisfied by density functionals,
especially the exchange and correlation energies. A simple example is that the
correlation energy is never positive, and always finite[75]. Satisfaction of energet-
ically relevant conditions is often used to guide construction of approximations,

such as the PBE generalized gradient approximation (GGA)[41]. This functional
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is now commonly used in electronic structure calculations.

In the past several years, interest has grown in time-dependent density func-
tional theory (TDDFT), which is now a very active research area[3]. There are a
wealth of applications for an accurate theory, such as atoms, molecules, and solids
in intense laser fields[6, 7, 8], dynamic response properties[13], and electronic
spectroscopy[9]. A fully developed TDDFT would allow, e.g., study of optical
limiting materials[11] or electron dynamics on a femtosecond time scale[12].

While formal TDDFT was put on solid ground with the Runge-Gross theorem|2]
(the analog of the Hohenberg-Kohn theorem), exploration of the exact proper-
ties of time-dependent functionals is still in its infancy. Several exact conditions
have been found, including Newton’s third law[14], which implies that the net
exchange-correlation force must vanish, and translational invariance, which states
that the time-dependent exchange-correlation potential vxq(rt) for a boosted
static density will be that of the unboosted density, evaluated at the boosted
point. The latter theorem, applied to a harmonic potential, showed that the
Gross-Kohn approximation[50] for frequency-dependent response properties vio-
lates the Kohn theorem[47]. This led to several new approximations[49, 68, 69,
which overcome this difficulty, but remain largely untested.

In this work, we take a different approach from previous workers, in that we
consider the energy components of the system, even though the total energy is not
conserved. We find several simple relations satisfied by these energy components,
which are then restrictions which approximate functionals should satisfy. We
also derive the relation between coordinate scaling and the adiabatic coupling
constant.

We begin our proofs with the Heisenberg equation of motion for any operator

A on a quantum-mechanical system:

A= 4 L, A), (3.1)
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where A = (A), and the dot denotes a time derivative. We apply this to a system
of N identical particles, with H = 7'+ V, where T is the kinetic energy operator,
and V is the potential energy operator. For interacting electronic systems, the
potential consists of a time-dependent one-body contribution, Ve (), and a two-
body contribution, V., the Coulomb interaction between the electrons. Applying

Eq. (3.1) to A = H itself, we find

8Vvext

T + Ve + Vi = . 2
Ve + Vet = (=57%) (3:2)
Since Vigy = [ d3r n(rt) vexs(rt),

T+ Vi = — / Br i(rt) e (r1). (3.3)

So far, we have simply derived a general result for time-dependent quantum
mechanics. But we now apply this to the Kohn-Sham system, i.e., that fictitious
system of non-interacting particles which has the same time-dependent density

n(rt). Thus
Ts = — /d3r n(rt) vs(rt), (3.4)

where Tj is the non-interacting kinetic energy and vs(rt) is the Kohn-Sham po-
tential. Analogous to the ground state[60], we write T, = T — T; and Exc =
Vee —U +T, where U is the Hartree energy, while vs = vey + vy + vxe, Where vy is
the Hartree potential. These are all time-dependent quantities here, and energy
is not conserved. Since U = [ d*rn(rt)vy(rt), we find, subtracting Eq. (3.4) from

(3.3),

dgz‘c = [ @r ifrt) v (x) (3.5)

The time-dependence of the exchange-correlation energy is solely determined by
the exchange-correlation potential.
Another simple result is the virial theorem. We write A = 3 a(r;, p;), where

r; is the position of the i-th particle and p; is its momentum, and choose a =
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(r-p+p-1)/2:
%%((r.p+p.r)):QT_(;r,--ViV>. (3.6)

For a stationary state, the left-hand-side vanishes, yielding the customary virial
theorem[20]. Since Vi, is homogeneous of degree -1 in the coordinates, its virial

is equal to minus itself, yielding:

1d
§%<(r-p+p-r))=2T+V;e—<r-Vvext). (3.7)

To further simplify the left-hand side above, we consider Eq. (3.1) for a = 72,
finding md(r?)/dt = (r - p 4+ p - r). Insertion into Eq. (3.7) yields

m d?

Eﬁ(rz) = 2T 4 Ve — (T * VUeyy)- (3.8)

In the Kohn-Sham system, this becomes

2

md” 5
5 7 = 2T = (r- Vug). (3.9)

Since the left side of Eq. (3.8) depends only on the density, it is the same in
both the physical and the Kohn-Sham systems. Since the Hartree energy is also

homogeneous of degree -1, we find:
Exo[n](t) + Te[n](t) = — / &®r n(rt) r - Voe[n](rt). (3.10)

In deriving Eq. (3.10), we never require vxc to be a functional derivative,
thereby avoiding the need to define an action[3]. Eq. (3.7) also implies an exact

condition on the Kohn-Sham density matrix:
/d?’r r- Vy(rr't)|p—r = /dsr - Vs (rr't) [ pr—p. (3.11)

A last theorem relates coordinate scaling to the coupling constant for the

electron-electron repulsion[21]. The Schrédinger equation for NV electrons is

A

{T+Vie =i U (rirnt) = —Vig U(rs..xn1). (3.12)
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(Note that we could have derived Eq. (3.7) by replacing r; by r’/v everywhere,
and taking d/dvy|,=; of both sides.) Consider ¥*[n] to be the solution of Eq.

A
ext

(4.1), but with electron-electron repulsion AV, and v (r,t) chosen to keep the
density fixed (at its A = 1 value). Then let r; — ~r} and ¢t — [St' and multiply

through by ~2. If we define

T g(r1..ryt) = V>N 2T (yr,.. 1N BE), (3.13)

we find
2

T o)
B ot
By choosing 8 = 7? and v = 1/), we find ‘I’i\/,\,y,\? [n] satisfies Eq. (4.1), i.e. is

{7+ MVee —i W iln] = VA0, (3.14)
equal to ¥[n]. (By the Runge-Gross theorem, the potentials must be identical if

the densities are the same for both wavefunctions.) Thus
U n] = Uyye [n1/x,1/22] (3.15)
and, by subtracting out Hartree and Kohn-Sham contributions,
V%a[n](rt) = Nvxo[nia i me](Ar, A*t) (3.16)

Thus any functional of the density, evaluated at coupling constant A\, can be
written in terms of the physical functional, evaluated on a scaled density at the
scaled coordinates. For example, following arguments first applied to the ground
state[20],

Exlnops](t) = 1Ex[n](+). (3.17)

Highly accurate calculations on time-dependent systems are usually extremely
demanding[3|, making tests of exact theorems and approximations very difficult
in TDDFT. We performed exact numerical calculations on Hooke’s atom, two
interacting electrons in parabolic potential, with a time-dependent force constant,

k(t) = mw?(t). This model is solvable because

U(ry,12,) = (R, t) ¢(u, ), (3.18)
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where R = (r; + r3)/2 and u = ry — r;. Each wavefunction satisfies a single-
particle time-dependent Schrodinger equation, e.g.,
1 pw?(t) 1 g
—— V24 T 4 2 ) ¢ =i, 3.19
<2M+2u+u¢z¢ (3.19)
where p = m/2 is the reduced mass. Then ¢ is expanded in the adiabatic basis

of instantaneous eigenstates of its Hamiltonian:

o(u,t) = Z b (t)x;(w(t); u)e‘iei(“’(t))t, (3.20)

where

1 pw? 1
<_EV2 + TuQ + E) Xj(w;u) = €j(w)x;(w; u). (3.21)

These eigenstates in turn are solved by expanding the wavefunction in a power
series in u times a Gaussian[22|. The coefficients by, satisfy
by = iégbpt — 3 b (G|V ()| k)e (G [ (e; — &), (3.22)
J#k
where V = pwwu?, and are solved numerically.

We start our system in the ground state at ¢t = 0 with w = wy, and then let
w(t) = wo + (wo — wi)sin (7((¢/t1 — 3) + 1)/2, as shown in Fig. 3.1. We show
results for the time evolution with wy = 0.5, w; = 1, and ¢; = 1 in atomic units
(2 = m = h = 1). The first three occupation numbers (in u) and the time-
dependent frequency are shown in Fig. 3.1. By ¢ = 1.6, the system is about
30% excited. After ¢ = 1.6, the number of u-levels in our calculation (12) were
no longer sufficient to guarantee the accuracy needed for the calculations shown
below.

In Fig. 3.2, we plot T, Vi, and Vi as a function of time, as well as
smd?(r?) /dt*. Here (r - Vuex;) = 2Vex;. We find the virial theorem of Eq. (3.8)
to be satisfied to within 0.1 milliHartrees. If we contrast our results with an adi-
abatic situation (in which the system remains in the instantaneous ground state

for all times), we see that T remains remarkably low, as the wavefunction takes
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Figure 3.1: Occupation numbers for the u wavefunction and w(t) (atomic units).

time to respond to the stimulus. V. grows, but then drops after ¢ = 0.9, while w
is still increasing. The Coulomb repulsion barely changes during the entire run.
Finally, the large value of 2(T — Vi) + Vie contrasts with its vanishing in any

single eigenstate.
4

3 - -

2 -7

Energy

4

0 02 04 06 08 1 12 14 16

Figure 3.2: Energy components for the time-dependent Hooke’s atom (Hartrees);
virial = 2(T — Vexy) + Vee-

Next, we calculate the exact Kohn-Sham potential for this two-electron sys-

tem. We have a single orbital, doubly occupied, but the calculation is more
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involved than for a ground state, as the phase of the wavefunction becomes im-
portant. We write ¢(rt) = €'*,/n/2, and insert this form into the time-dependent

Kohn-Sham equation. Requiring that the imaginary part of vs(rt) be zero yields

T

1 ; 2
I: - ! ! ! 3.23
o i) TQ/n(r,t)r dr (3.23)

where the prime indicates d/dr, and
) —=a” —a. (3.24)

The last two terms arise purely from the time-dependence of the density. Even
for a non-interacting system, they are non-zero. The exchange-correlation contri-
bution is then found by subtracting the external and Hartree potentials.

In Fig. 3.3, we plot vc(rt) at several times during the excitation. We do
not plot vx(rt), as this is just —wvy(rt)/2 for two electrons. These curves are
qualitatively similar to those in the adiabatic ground states. The strange behavior
beyond r = 3 for t = 1.5 is due to numerical inaccuracy. We tested Eq. (4.16) on

these potentials, finding it satisfied within the accuracy of the calculations.

0.01 . . . . r v
™ t=0 ——
0 R t=1—————.

-0.01
-0.02
-0.03
-0.04
-0.05 \

-0.06 A

ve(r)

-0.07

-0.08

Figure 3.3: Time-dependent correlation potentials (atomic units).

Lastly, we plot the quantities appearing in Eq. (3.10) in Fig. 3.4. We subtract

out the exchange contribution, which trivially satisfies the virial theorem in this
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case (Ex = —U/2). The line denoted virial is just the virial of the correlation
potential, and is indistinguishable from E.+7¢ until about ¢ = 1.4, where numer-
ical inaccuracies arise. As noted above, V. is very unresponsive to the external
potential, and this is reflected in F,. The kinetic correlation energy follows T,
and starts to grow at about ¢ = 0.8. What is remarkable is that this means that
the sum E. + T, which has never been found to be positive in any ground state,
becomes positive around 1.2. This shows that time-dependent energy components
can behave very differently from their ground state analogs.
0.05 —
virial —===
0.04 Jel-. .
003 o ieemTT -
0.02
0.01
0
-0.01
-0.02
-0.03

R i il "
-0.05

Energy

0 02 04 06 08 1 12 14 16

Figure 3.4: Time-dependent energy components (Hartrees).

To illustrate our scaling theorem, Eq. (3.15), consider the plasmon frequency
of a uniform gas, w, where w} = 4re’n/m. Under scaling, n — 7*n and w —
w/7?, so that, according to Eq. (3.15), (w))? = 4me*y*n/(my*) = M, correctly.
The importance of Eq. (3.16) is that it applies to all inhomogeneous systems also.

Last, we discuss the implications of Egs. (4.16) and (3.10) for the construc-
tion of approximate time-dependent functionals. These are usually written as
approximations to the exchange-correlation potential. If an approximation im-
plies an assumption about energy components, then Eqs. (4.16) and (3.10) should
be checked. If not, then Eqgs. (4.16) and (3.10) can be used to construct energy

components. An adiabatic approximation employs only the instantaneous density
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to approximate the potential at any given time. Such an approximation satisfies
Egs. (4.16) and (3.10) if it satisfies them in the ground state. If it is an accu-
rate approximation for the energy components, it will then be accurate for the
virial of the potential, providing a constraint on the approximate potential. This
may explain the “surprising” accuracy of approximate potentials in Ref. [23].
The oldest and most commonly used[54] is adiabatic LDA (ALDA), which simply
constructs properties, such as the time-dependent exchange-correlation potential,
using ground-state uniform gas functions, at the given instant in time. On the
other hand, in regions where the time-dependent energy components differ quali-
tatively from their ground-state counterparts, such approximations will fail badly.

For example, EALPA 4+ TALDA < always.
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Chapter 4

Correlation in Time-Dependent Density
Functional Theory

The exact time-dependent correlation energy in time-dependent density func-
tional theory is shown to sometimes become positive, which is impossible with
most present TDDF'T approximations. Both the correlation potential and energy
can be strongly non-local in time. A new inequality is derived for the time-
dependent exchange-correlation energy. The correlation energy appears to scale
to a constant function of scaled time in the high-density limit. In the linear re-
sponse regime, the correlation energy is shown to become purely adiabatic, but
the correlation potential is generally non-adiabatic. The usefulness of the virial
theorem as a test of numerical accuracy is demonstrated. All results are found or
inspired by exact numerical solution of a simple model system (Hooke’s atom),

and inversion of the corresponding Kohn-Sham equations.

4.1 Introduction

Ground-state density functional theory (DFT) has become a useful alternative
to traditional methods in quantum chemistry, because of its ability to treat large
numbers of electrons with reasonable accuracy[1]. Time-dependent density func-
tional theory (TDDFT) is the generalization of ground-state DFT to include
time-dependent external potentials on electrons, and its formal validity was es-
tablished with the Runge-Gross theorem[2]. The one-to-one correspondence be-

tween time-dependent densities and time-dependent potentials for a given initial
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state leads to the time-dependent Kohn-Sham system, a set of non-interacting
fictitious electrons moving in a time-dependent Kohn-Sham potential. TDDFT
has now been applied to many problems in atomic, molecular and solid-state
systems, including optical response, dynamic polarizabilities and hyperpolariz-
abilities, excitation energies, species in intense laser fields and highly energetic
collisions [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23,
24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34]. Although most of these calculations
take place in the linear response regime, TDDF'T also applies to species in intense
fields and is perhaps the only feasible method to study many-electron dynamics
in this regime [35, 36, 37, 38, 39].

The only unknown part of a TDDFT calculation (beginning in a non-degenerate
ground state[40]) is the exchange-correlation potential vyc[n](rt) as a functional
of the entire history of the density, n(rt). In the special case of optical re-
sponse, including electronic excitation energies, this is needed only in the vicinity
of the ground-state density of the system, and this information is contained in
the exchange-correlation kernel, fxc[n](r,r’,t —t'). But relatively little is known
about these functionals, partly because relatively few conditions that the exact
functionals satisfy are known.

Exact conditions have been essential in ground-state DF'T', both for guiding
construction of universally applicable functionals[41], and in explaining why some
approximations work well while others do not [42, 43]. Known exact conditions in
TDDEFT include Newton’s third law [44, 45, 46], the harmonic potential theorem
[47], a virial theorem [48], the relation between coupling constant and scaling[48],
and the memory formula [40]. For example, part of the motivation for developing
the Vignale-Kohn approximation for the exchange-correlation kernel [49] was that
the Gross-Kohn approximation [50] violated the harmonic potential theorem. The
present work makes several new exact statements about correlation functionals in

TDDFT, many of which are not satisfied by the present generation of approximate
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functionals.

A key focus in this work is on the limitations of adiabatic approximations to
correlation functionals. Such an approximation ignores the temporal non-locality
of the correlation potential, i.e., its dependence on the history of the density.
In the case of linear response, this leads to a real-valued, frequency-independent,
exchange-correlation kernel. Most (if not all) chemical applications of TDDFT[51]
employ an adiabatic approximation such as ALDA [52, 53, 54, 55], but little is
known about its reliability or accuracy. Almost all our results demonstrate failures
of this approximation; failures that likely must be addressed if ultimately TDDFT
is to achieve the quantitative accuracy enjoyed by ground-state DFT today.

The errors made by the adiabatic approximation are called dynamical effects,
due to history-dependence in the time-dependent functionals. A key technique of
the present work is to study the time-dependent correlation energy, as opposed to
the potential. This is primarily a technical device, designed to limit the amount
of information presented. The time-dependent correlation energy is determined
by integrals over the correlation potential, so that poor approximations to the
energy imply poor approximations to the potential. Also, approximations that are
poor for the potential point-wise in space may produce reasonable approximations
for integrated quantities, as is true in the ground-state case. Lastly, the time-
derivative of the correlation energy yields the correlation contribution to the power
absorbed during the disturbance.

Our calculations are performed on a time-dependent Hooke’s atom, two elec-
trons in a harmonic well[56] with a time-dependent force constant [57]. Because
the system remains spherical, the time-dependent Schrodinger equation can eas-
ily be solved numerically, and the Kohn-Sham equation inverted. The model
system is not intended to represent an atom or molecule under conditions in

present-day experiments. But, Hooke’s atom is a Coulomb-interacting fermion
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system and so its behavior is governed by the same functionals as for all elec-
tronic systems: atoms, molecules and solids. Until recently [59, 48], there have
been no exact TDDFT calculations on any system. These two previous exact
calculations [59, 48] employ this system: in two-dimensions in Ref. [59] and in
three-dimensions in Ref. [48].

Our most dramatic result is to show that, due to dynamic correlation, the
correlation energy can become positive. In Fig. 4.1, we plot the correlation en-
ergy of Hooke’s atom as a function of time when the force constant is increased
smoothly from 0.15 to 0.35 during ¢ = 0 to 4 and then held constant, as shown
in the top panel. We also plot the (almost) exact correlation energy if the in-
stantaneous density was the ground-state density of some system, i.e., E8[n(rt)],
where n(rt) is the time-dependent density. (Precisely how this is done is given
in section 4.3.) The difference between the two, which we call the dynamical
contribution E¥™(¢), is very significant, so much so that the correlation energy
even becomes positive. Clearly, any adiabatic approximation, being local in time,
can at best approximate F&[n(rt)], and will miss the dynamical contribution en-
tirely. Such strong exchange-correlation effects must be present in any species
perturbed by a laser field near a resonance. In the linear response formalism,
exchange and correlation change ground-state Kohn-Sham transition frequencies
and oscillator strengths into exact quantities of the true system. A perturbation
tuned to a Kohn-Sham transition will cause the Kohn-Sham system to resonate,
but exchange-correlation corrections stop the true system from doing so.

We prove rigorously an inequality relating the dynamic exchange-correlation
energy and the dynamic non-interacting kinetic energy (see Sec. 4.5.1). We
also demonstrate explicitly that the correlation potential and energy can have
a strong non-locality in time, depending on the history of the density (see Sec.
4.5.2). Again, any adiabatic approximation fails to capture this effect. On the

other hand, we argue that the exchange energy for N electrons, will typically
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Figure 4.1: Correlation energy components as a function of time when the force
constant is changed as shown in the top panel (all in atomic units): Instantaneous
ground-state correlation energy (bottom dashed line), true correlation energy
(solid line), dynamical part of the correlation energy (top dashed line).

depend only weakly on the history (for a two electron singlet, as in our model, it
depends only on the instantaneous density).

Notwithstanding a previous study in two-dimensions [59], we show in Sec.
4.5.3, that there is a finite dynamical contribution to the correlation potential in
this limit. (Ironically, this does not show up in the correlation energy, which can
be proven to be second-order in the strength of the perturbation in general.) Even
in Hooke’s atom, corrections to an adiabatic approximation can be important in
linear response as well as in strong fields.

The behavior of functionals under uniform coordinate scaling has been an
important guide to the construction of functionals in the ground-state theory.
A key improvement of the PBE generalized gradient approximation [41] over
LDAI60] and PW91[61] is that, for a finite system, it scales correctly to a constant
in the high-density limit, while remaining exact for the uniform electron gas
(unlike LYP[62]). In Ref. [48], the relation between coupling constant and scaling
within TDDFT was deduced. We demonstrate here that, in the high-density

limit, the correlation energy numerically scales to a constant function of scaled
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time (see Sec. 4.5.4) for Hooke’s atom. If universally true, this plausible result
would imply that the Gorling-Levy second-order perturbation energy remains
finite in TDDFT. In the same way that there has been much recent interest in
orbital-dependent functionals for accurate ground-state calculations [63, 64, 65],
the time-dependent OEP scheme [6] could be used (suitably modified to avoid
asymptotic difficulties with the correlation potential [66]) to include correlation.

The paper begins with some formal theory and definitions. We introduce some
terms with very precise meanings, including the idea of dynamical contributions
to time-dependent quantities. In the third section, we discuss our numerical
algorithm, and the various tests based on the equations of motion, which demon-
strate the accuracy of our solutions. Section 4.4 is a discussion of many effects
that can be seen in the one-electron version of our system: a time-dependent
three-dimensional harmonic oscillator. This is needed to illustrate the qualitative
one-body features of our electronic system, to be contrasted with the next sec-
tion, where two interacting electrons are introduced and the correlation effects
summarized above are discussed in detail. Atomic units (e* = h = m = 1) are
used throughout, so that all energies are in Hartree, all distances are in Bohr

radii, and all times are in units of 2.419 x 10~17s.

4.2 Theory
The Schrodinger equation for time-dependent systems is
{T + Vet + Ve JU () = i9(2), (4.1)

where 7" is the kinetic energy operator, Ve is the external one-body potential,
Vee is the electron-electron repulsion operator, and a dot implies a derivative with

respect to time. The Kohn-Sham equations are

{5V + vset)}u(t) = i), (42)
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where vs(rt) is the Kohn-Sham potential, an effective (one-body) external poten-
tial chosen to make .
=Y |i(r)” (4.3)
i=1
exactly equal the time-dependent density of the interacting wavefunction W¥(¢) in
Eq. (4.1). In general, the one-to-one mapping between densities and potentials
depends on the initial state (both for the physical system and the Kohn-Sham
system) [2, 67]. In this paper, we study the evolution of the system initially
prepared in its non-degenerate ground state, so that the initial wavefunction is a
functional of the ground-state density.

For two electrons in a spin-singlet, we decompose the Kohn-Sham orbital as

o(rt) = A(rt) exp(ia(rt)),  n(rt) = 2|¢(rt)|?, (4.4)

where A and « are real. Insertion of Eq. (4.4) into Eq. (4.2), and the requirement

that the resulting potential be real leads to

1V2n  1|Vn2 1 da
s = — - = — ~|Val? - —, 4.
ST 8 n? 2| ol ot (45)
where
V-Va+ Va Vn+la—n 0 (4.6)
not '
In the special case of a spherical system:
n' n" 1,n 1
= — = —(—) —=a" = 4
s = 2r(n)+4n S(n) % TG (4.7)
where
o = ;/T (r't)r"*dr (4.8)
n(rt) r?

and the prime denotes a derivative with respect to 7.
Once vs(rt) has been found, we define energies in the same fashion as for the

ground state: the Kohn-Sham non-interacting kinetic energy is

Tan](t) / &r |[Vo(rt)? (4.9)
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the Hartree energy is

Uln](t) / d&r / & nITrI) (4.10)

and the external potential is

Vext[1] (%) /d T Vext (rt) n(rt). (4.11)

The exchange and correlation contributions are given as differences between quan-
tities evaluated on the interacting and non-interacting system. Exchange is trivial
for two electrons, Fx(t) = —U(t)/2. Correlation contains both kinetic and po-

tential contributions:
Eo(t) = To(t) + Us(t), (4.12)
where
T.(t) = T(t) = Tu(t), Us(t) = Vielt) — U(t) /2. (4.13)

This paper will focus almost exclusively on the time-dependent energy com-
ponents. However, most approximations for time-dependent density functional
theory have been given directly in terms of the exchange-correlation potential

[49, 68, 69], defined as
Uxc(rt) = v5(rt) — Vexs (rt) — vyu(rt), (4.14)

where vy(rt) is the time-dependent Hartree potential

valet) = [ d' nt) (4.15)

v —r'|

We can extract time-dependent energy components from any approximation to
the potential, via two results proved using equations of motion in Ref. [48]: the

time-dependence of the energy

t
Fro(t) = Fxe(0) + / dt’ / &Pr vxo(rt') i(rt), (4.16)
0
and the virial theorem

To(t) = — Exolt) — / & n(rt) t - Voxo(rt). (4.17)
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Thus time-dependent energy components encapsulate global information about
potentials.

A very useful formal device is to consider, at some instant in time, the density
n(rt) as the ground-state density of some system, even though the wavefunction
at this time is typically not the ground state of any potential. For any energy
component, e.g., the correlation energy, we then define the dynamical contribution

as

EZ"[n)(t) = Ecln](t) — E&[n(rt)]. (4.18)

where E8°[n(rt)] is the ground-state correlation energy functional evaluated on the
time-dependent density. For an approximate functional, E&¥*[n](t) = E%P %[n)(t)—
Error.95in(rt)], where EPPT%:95[p] is the approximate ground-state energy of
density n, evaluated from E%P™°%[n|. Any adiabatic approximation, eg. ALDA,
has E®¥™ = 0. Such dynamical effects appear as memory effects: the energies have
a non-local dependence in time on the density. Note however that the dynamical
component as defined here may exist even for static densities if the underlying
wavefunction is an excited state. Provided we begin in the ground-state of some
potential, the dynamical contribution vanishes if the external potential is static,
or for any problem in which it is varied infinitely slowly.

Functionals that are truly local in time, such as the Hartree energy, have no
dynamical component. We know this dynamical component for one non-trivial
case. From Eq. (4.9), for the non-interacting kinetic energy functional for one

electron (or two paramagnetic electrons in the same spatial state),

T[n) (1) / d&°r |V" - / &r |JS . (4.19)
where js(rt) = Va(rt) is the Kohn-Sham current density,

Js(rt) = % {¢"(xt)Vo(rt) — p(rt) V™ (rt)} . (4.20)

The first term in Eq. (4.19) is the ground-state contribution to the non-interacting
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Figure 4.2: A test of accuracy of the solution of the time-dependent system for the
truncated run (T) (see table 1). k = .25,w = .75,¢ = .1 but held constant after
% oscillation. E; + T and the virial of the correlation potential are plotted. The
two curves lie about on top of each other indicating a highly accurate solution.

kinetic energy density, T8[n]. The second term is therefore T3¥"[n], and is semilo-

cal in time, since the continuity equation
n(rt) = =V - j(rt) (4.21)
implies that (for spherical systems at least) n uniquely determines the current:
o
jrt)=j -t = / dr'i(r't) (4.22)
T

Thus T3™ is a functional of the density which is semilocal in time, but highly
nonlocal in space. However, as a functional of both the density and current, it is
local in both space and time. The local approximation for 75 would be to ignore

TY™ and to approximate T8 by the Thomas-Fermi contribution.

4.3 Algorithm
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The time-dependent Schrédinger equation was solved in Ref. [48] by expanding
the wave function in a basis set and solving the partial differential equation in time
using the Runge-Kutta method. In Fig. 4 of Ref. [48] the virial of the correlation
potential (right-hand-side of Eq. (4.17) excluding the exchange contribution)
deviates from Eq(t) + Tc(t) around ¢ = 1.6. If the virial and E(t) + Tx(t) do
not agree, the wave function generated by the algorithm is inaccurate beyond
this point in time. This illustrates the usefulness of Eq. (4.17) as a stringent
test of the numerical accuracy of a solution of the time-dependent Kohn-Sham
equations. Note that a standard test of accuracy in the ground-state problem, that
of making small changes in densities and checking that the corresponding change
in an energy is accurately reproduced by integrating its potential (functional
derivative) times the density change is not available for time-dependent problems.
The time-dependent potentials are not typically functional derivatives of the time-
dependent energies [70]. Possible sources of error in Ref. [48] are the fourth-
order Runge-Kutta method or an insufficient number of levels in the basis set to
accurately construct the wave function after the wave function was sufficiently
excited by the perturbation. In the present paper, the Crank-Nicolson method is
used to solve the Schrodinger equation. For this method, we first construct the
ground-state wave function for a given external potential. The wave function is
transformed onto a grid and propagated forward in time. The normality of the
wave function is guaranteed at each time step because Crank-Nicolson employs a
unitary operator (unlike Runge-Kutta). For all calculations with this algorithm,
we have found that we can satisfy the virial theorem of Eq. (4.17) to arbitrary
accuracy once sufficiently fine grids in space and time are used. Fig. 4.2 gives
an example of this, showing that the virial theorem for correlation is satisfied at
each time step. Note the magnitude of energies involved. The spatial grid used
for the Crank-Nicolson algorithm was typically steps of .0025 and the time grid

was 0.0001 (both in atomic units).
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Considering the time-evolving two-electron density at time ¢ as the ground-
state density of some static potential is very useful in analyzing the interacting
system. For our choice of time-dependent potential, the density closely retains its
Gaussian-like shape throughout the modulation of the external frequency. This
suggests that the time-independent potential which has a ground-state density
matching our instantaneous density, is very close to that of a static Hooke’s atom
of a certain effective force constant which we shall denote k°®. Comparisons to
this instantaneous ground state will be made throughout this paper.

The ground-state quantities that were used for this comparison were produced
by matching the Hartree energy from the exact Kohn-Sham calculation to one in a
table of ground-state values for Hooke’s atom [71]. The energies for that ground-
state Hooke’s atom with force constant k.;s, were taken as approximations to
E# T#, etc. This process was repeated by matching values of (r?), and again
by matching values of Ts. All three matching procedures produced essentially
identical ground-state results and the Hartree energy was chosen as the matching

parameter for all runs.

Run parameters and figures
type k w € Duration  Figures
non-resonant (NR)  0.25 0.75 0.1 entire run 7.8
non-resonant (WNR) 0.25 0.75  0.05 entire run 3,10
linear response (LR) 0.25 0.75 < 0.025 entire run 9
resonant (R) 0.25 1.0 0.05 entire run 4,6
truncated (T) 025 0.75 0.1 T oscillation  1,2,5

Table 4.1: Table of figures and their run parameters.

4.4 One electron

Before studying correlation effects, it is necessary to understand the non-interacting

system, a non-trivial task for most time-dependent systems. Much about the
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dynamics of the interacting two-electron density can be understood from the dy-
namics of one electron in the same time-dependent potential, V' (¢) = k(¢)r?/2.
The quantum time evolution in the 3dHO is generally related to the 1dHO
when we begin in the ground state of each at t = 0 because of the separability of
the time-dependent Schrodinger equation in Cartesian coordinates. Expectation
values of observables are then simply related to the 1-d case, e.g. (r?)3q = 3(x?)14-

The time-dependent force constant used in all our calculations is
k(t) = k — ecos wt (4.23)

The values of the control parameters k, €, w for each figure are given in Table 1. In

the one-electron case, this is the Mathieu oscillator (see, for example, ref. [72]).

4.4.1 A measure of system response

The dynamics of the density are reflected in the time-evolution of the spread of the
density (r?(t)). In Fig. 4.3 we plot the root-mean-square (rms) variance, 7y, (t) =
(r2(t)), for two non-interacting electrons in the Mathieu oscillator (dashed line
in lower panel) and compare this with its value had the system remained in the
instantaneous ground-state of the external potential (upper panel).

We see how the wave function is initially unchanged, and then compresses far
more than an instantaneous ground-state wave function would. After the slow
initial response during the first half-oscillation, during the second half-oscillation,
the potential broadens again, but the density continues to compress at first, be-
cause the response of the wave function continues to lag behind the changes in
the perturbation.

In thinking of the time-dependent response of an oscillator, two extreme limits
come to mind. In the first, adiabatic, the potential is turned on infinitely slowly,
and the wavefunction is always in its instantaneous ground-state. In this case,

the response to any external potential is immediate. At the opposite extreme
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is ‘sudden switching,” in which the force constant is instantly changed from one
value to another. The wave function is not an eigenstate of the new potential, and
evolves accordingly. In such cases, the change in the wave function is quadratic in
t for small . The time-scale of our perturbation is in between these two extremes.

In fact, the quantum dynamics follows directly from the classical dynamics
due to the harmonic nature of the potential. Classically evolving an initial en-
semble, distributed in phase-space according to the initial quantum ground-state
(quasi-classical evolution), results in phase-space distributions close to that of the
quantum state at later times.

The solid line in Fig. 4.3 is the rms variance for the evolving density of the
interacting two-electron system (see Sec. 4.5). We observe how it also displays
the response time lag and the overshooting/undershooting pattern present in the
one-electron case. In fact it resembles twice the one-electron value closely in both
its amplitude and frequency patterns; the differences are due to the interaction
of the two electrons. Consequently, the kinetic and potential energies of the
interacting system, follow similar trends (see section 4.5).

Fig. 4.4 shows the same quantities for a different (resonant) choice of external
spring constant; the response of the system is rather dramatic. The overshoot-
ing /undershooting behavior is present again, as it is in all our runs; and is partic-
ularly striking in this case. Note especially the increasingly extreme compression
of the density near ¢ = 17 and periodically thereafter. Again, the classical result
is a very good approximation and again, the interacting two-electron case closely
resembles twice the one-electron case. How we can understand the behavior of
the one-electron system under the various spring constants is explained in the

next subsection.
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Figure 4.3: Spread of parabolic well in linear response regime as a function of
time for the weak non-resonant run (WNR) (see table 1). The solid line is for
two interacting electrons and the dashed is for two non-interacting electrons. The

top panel shows the rms variance had the system remained in the non-interacting
instantaneous ground-state of the potential.

4.4.2 Time-dependent perturbation theory and linear re-

sponse

For small enough ¢, perturbation theory can predict the dynamics of the Math-
ieu oscillator. (The discussion in the previous subsection suggests that classical
perturbation theory on the 1-d case can capture most of the behavior of the
fully quantum 3-d case, provided gaussian averaging over initial conditions is per-

formed. It is simpler to do quantum time-dependent perturbation theory.) For

the variance in position, we obtain:

() = o+ B gy (2220

sin ((Zw ; w)t> (le— ot 2w1+w>] (4.24)

where & = Vk. This is a good approximation to the dynamics, with the term

involving the product of the sines giving the essential dynamical behavior: beating

at frequency (2w — w)/2 superposed on the faster oscillations of frequency (2w +
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Figure 4.4: Spread of parabolic well for Hooke’s atom in resonance (R) as a
function of time . The solid line is for two interacting electrons, the dashed line
is for two non-interacting electrons. The top panel shows the rms variance had
the system remained in the non-interacting instantaneous ground-state of the
potential.

w)/2 (see Fig. 4.3). The beating amplitude is approximately 3¢/(2k(2w — w))
when w and @ are of the same order, as in our calculations.

On resonance, w = 2w, the oscillator becomes unstable and we obtain

(1) = % Z’_]% COSEJ@ + tsin(2t)
. 2sin ((2w — w)t/2) sin ((2w + w)t/2) (4.25)

20+ w
The middle term in the brackets describes a secular growth, evident in Fig. 4.4
(see also Fig. 4.6). Note that the factor of 2 multiplying @ in the resonance condi-
tion and in the beat frequency off-resonance, is a consequence of the perturbation
being quadratic and only connecting states of quantum number differing by 2.
For larger € a full non-linear analysis needs to be done. Much has been studied
about the parameter regimes of stability and instability in the Mathieu oscillator
[72]. In the limit that e — 0, it can be shown [72] that the seeds of the unstable
regions are at w = 2\/2, Vk and 2Vk /3. Only the first emerges as unstable in our
linear response analysis, because the instability of the other cases only occurs at

larger e.
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Figure 4.5: Top graph: Oscillations in an envelope of a slow beating period
for time-dependent Hooke’s atom where the perturbation is turned off after one
half-oscillation for & = .25,w = .75,¢ = .1. Bottom graph: 3DHO with same
perturbation. wy = 0.591 for all runs.

4.4.3 Perturbation of finite duration

In some of our runs, we turn off the perturbation after half a cycle. After this
time in the harmonic oscillator, (r?) oscillates at frequency 2w; where w; is the
frequency in which the harmonic oscillator is left (see Fig. 4.5). This can be
explained by expanding the wavefunction in eigenstates of the final oscillator and
noting that matrix elements of 22 are only non-zero between quantum states dif-
fering in quantum number by 2 or 0. In the case of Hooke’s atom, one observes a
slow beating on top of the fast oscillation in Fig. 4.5. Unlike the harmonic oscil-
lator, the eigen-energies of Hooke’s atom are not quite equally spaced so that the
terms in the wavefunction expansion no longer all oscillate at the same frequency.
The slight difference between the frequencies gives rise to a fast oscillation close

to that of the harmonic oscillator but contained within a slow envelope.
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4.5 Two electrons

In this section, we present results for the time-dependent Hooke’s atom. The
overall trends of the dominant contributions are guided by the shape of the density
which is similar to that in the one-electron case as shown in Figs. 4.3, 4.4 and
4.5. Now, however, we have correlation effects.

We shall be comparing the exact energies to those obtained from an almost
exact ground-state approximation, as described in sections 4.2 and 4.3. Dynamical
contributions to the energy components (Eq. (4.18)) can be significant even when
the potential becomes static, as shown in Fig. 4.1 for the correlation energy,
because the time-evolving density is not static. Because the evolving wavefunction
is not generally a ground-state of any potential (except at t = 0), any calculation
of its correlation energy based on a ground-state functional will be erroneous.
This is demonstrated by the qualitatively different behavior of the time-dependent

correlation energy (see next section).

4.5.1 Positive correlation energies

In ground-state DF'T calculations, it has always been found that F, + Ty < 0.
The unusual positive behavior of E. + T, of this time-dependent system was first
reported in Ref. [48]. Here we show that F(t) can itself be positive. This differs
dramatically from the ground-state problem where E is a negative quantity as a
consequence of the variational principle. Thus, any adiabatic approximate ground-
state correlation energy functional will fail to capture this behavior (as can be
seen in Figs. 4.1, 4.6, and 4.8) because they are constructed from ground-state
functionals evaluated on the time-dependent density.

A striking example of how the exact correlation energy can differ significantly
from any approximation that assumes the system is in its instantaneous ground

state, e.g. ALDA is provided by our Hooke’s atom at resonance. Fig. 4.6 plots



40

E(t) and E%™(t) for the resonance case w = 2Vk. On this scale, B9 (t)(= Eq(t)—
E%"(t)) would be a relatively flat line. For most of the run, the full correlation
energy and its dynamical component lie on top of each other, showing that E.(t)
is almost completely dynamical. FE9°(t) ~ —0.04 while E%¥"(t) can reach ~ 4,
causing an error of two orders of magnitude if a ground-state approximation is
made for the correlation energy. This error is much greater than desired chemical
accuracy.

In all runs we found E®™(t) to be greater or equal to zero. Because the
instantaneous ground-state minimizes the energy over all wavefunctions of that
instantaneous density, F#(t) < FE(t). Here E(t) is the energy of the evolving
wavefunction at time t, F(t) = Ts(t) + Vext(t) + U(t) + Exc(t), and E#(t) is the
energy of the ground-state whose density is the instantaneous density at time ¢.

Then it follows that E¥"(¢) > 0, and hence
EP™(t) > —=T™(¢). (4.26)

We have used the fact that for two electrons in the same spatial state, Fx(t) =
—U(t)/2 has no dynamical component. In the general N-electron case, the rela-
tion is
EQE () > ~T3™(t). (4.27)
Note that the right-hand-side of these inequalities is always less than or equal to
zero by the ground-state variational principle for the Kohn-Sham kinetic energy.
Thus we have proved that E¥™(t) is always greater than a negative number
—Tdm(t). Whether the stronger statement of positivity of E%¥"(¢) is generally
true remains an open question.
We also found in all our runs that T¢(t) > 0, i.e., T'(t) > Ts(t), much like in

the ground-state case. Whether this is true in general also has yet to be proved.
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Figure 4.6: Hooke’s atom in resonance (R): E¢(#) (solid line) and Ed¥"(¢) (dashed
line) match almost exactly demonstrating the importance of the dynamical com-
ponent in resonance.

4.5.2 Non-locality in time

Little is known about the importance of non-local effects in time in TDDFT.
These are completely lost by any adiabatic approximation which considers only
the density at the present time. The dynamical effects can be very large as seen
above. To what degree does our system remember the past? How far back in
time do we need to know the density in order to evaluate the various energy
components?

In Ref. [48] equations of motion for various energy components were derived.
For example, Ts = — [ d*rn(rt)vs(rt) and Fyo = [ d®ri(rt)vge(rt). Integrating
the right-hand-side of these from 0 to ¢ gives Ts(t) and Exc(t) respectively but
these do not imply that the density along the entire history from 0 to ¢ is required
to evaluate the energy component at time ¢. Certainly it is not if the integrand is
the exact time-derivative of some function. This is the case for T}, at least for two
electrons in the same spatial state where j = js. Consequently, 75(t) is semi-local
in time: it depends only on n(rt) and n(rt) (see Eq. (4.19)).

The exchange energy Ey for this case is completely local, since it is simply
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minus half the Hartree energy. We suspect that even in general it is not strongly
non-local in time for the following reasons. Ex may be expressed as the classical
Coulomb energy between the charge density and its exchange hole ny(r, ', ¢) [73],
Ex = [ [d®rd®r'n(r,t)ng(r,r',t)/|r — 1'|. The exchange hole satisfies two funda-
mental constraints at each instant in time: (i) its on-top value is a local function
of the spin-densities ny(r,r,t) = —(n2(r,t) + nj(r,t))/n(r,t), and (ii) it satisfies
the sum-rule [ d®rng(r,r’,t) = —1 [73]. These two conditions, which depend only
on the value of the density at the present time, determine much about the shape
of the exchange hole. Consequently we may expect that a good approximation to
the exact exchange energy can be obtained using only the density at the present
time. Indeed, a recent calculation of the exchange kernel in linear response for
the uniform electron gas [74] was dominated by the frequency-independent con-
tribution.

In contrast, the correlation energy E.(t) and the correlation potential vo(rt)
appear to have a very non-local component, depending on the entire history of
the density. Consider the plot of E in Fig. 4.7 together with its density profile
implied by the rms variance shown above. The figure suggests that E, is a very
non-local functional of the density: The density profile for a time range centered
at time ¢t = 4.8 and that centered near ¢ = 28.9 are very similar, yet the values of
EO (t) near those times are significantly different. Similarly one may contrast the
very similar densities in a time range centered near ¢ = 9.35 and near ¢t = 24.3
with the very different shape of E¢(t) in that time range. Then Eq. (4.16) directly
implies that v (rt) is a highly non-local functional of the density.

Non-locality of E, implies non-locality of the correlation energy E(t). This
is clearly evident in our runs. Consider the E(t) of Fig. 4.8 corresponding to the
run discussed above. Again, we contrast the very similar density profiles centered
at time t = 4.8 (or t = 9.35) and ¢t = 28.9 (or t = 24.3, respectively) with the

significantly different values of E.(t) centered there. This implies that local (in
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Figure 4.7: A measure of the nonlocality of E,, with respect to time for the non-
resonant run (NR): Contrast the very similar density profiles implied in the top
panel near times ¢ = 4.8 and 28.9 with the very different values of Ec there in
the graph above. Similar comparisons may be made near ¢t = 9.35 and ¢ = 24.3.

time) information is not adequate for a reasonable estimate of E.(t). The highly

non-local-in-time nature of correlation must be captured by the correlation energy

and potential functionals for accurate results.

4.5.3 Linear Response Regime

The most well-studied regime of TDDFT is the linear response regime, in which
the time-dependence of the external potential is weak relative to the static po-
tential. Electronic excitation energies (and oscillator strengths) can be extracted
from analysis of this linear response regime. The first TDDFT calculations were
in this regime[54].

We present only one basic result in this regime, but one which explains qual-

itative trends in our data. Writing|[3]
n(rt) = no(r) + enq (rt) + ... (4.28)

where € is a small parameter to be taken to zero at the end of the derivation,

we first note that, by construction, dynamical quantities are at least first-order
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Figure 4.8: Correlation energy as a function of time for time-dependent Hooke’s
atom for the non-resonant run (NR) : exact quantity (solid line), the ground-state
approximation (bottom dashed line), and the dynamical component (top dashed

line).
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45

in €. Secondly, we note that n also has no zero-order component. Clearly then,
from Eq. (4.16), the dynamical contribution to the correlation energy is at least
second-order in €. This means that, in the limit of weak time-dependent potentials,
TH™ ~ —UI™. This effect can be seen at the start of most runs where the system
has not yet responded to the full strength of the perturbation. In Fig. 4.9, we
plot the dynamical contribution to the kinetic-correlation and total correlation
energies for two values of small ¢, differing by a factor of two. We see that the
kinetic contribution scales linearly, while the dynamical correlation energy scales
quadratically with e.

These results shed more light on those of Ref. [59], who argue that the dynamic
contribution to the exchange-correlation potential vanishes in linear response.
This is clearly true for exchange, which dominates weakly interacting systems.
While we find it to be true for the correlation energy, our results show this not
to be the case for the potential, or the kinetic contribution would also vanish. In
fact, from the virial theorem and the vanishing of the total correlation energy, we
find

T = — / d*r no(rt)r - Vo (rt) (4.29)

to leading order in e. Thus a linear term in 7% implies a linear term in v&™.
However, if the dynamical correlation in TDDFT scales the same way as the
ground-state case in the low density limit, where 7% vanishes relative to E%’,

then T3 would vanish also.

4.5.4 High-density limit

In the case of the ground state, the behavior of various functionals under uniform

scaling of the density, in which n(r) becomes

n,(r) = v°n(7r), (4.30)
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Figure 4.10: Scaling of the system changes the values only slightly as they go to
the 3dHO limit. E; is plotted for scaling factors of v = 1,2,4,8 for the weak
non-resonant run (WNR).

has proven useful in the construction and analysis of approximate functionals. In

particular, the ground-state correlation energy follows no simple rule when scaled,

but is known to scale to a finite negative constant in the high-density limit[75]:
Eq[n,] — EP[n],y — oco. (4.31)

This property is not satisfied by LDA, but is built in to most modern generalized
gradient approximations|41].

As shown in Ref. [48], the relevant density scaling for the time-dependent
theory is

N2 (rt) = 7Pn(yr,9%t) (4.32)

and so the expected analog of Eq. (4.31) would be
Eolny ] (t) = EQ[n](v*), v — oo. (4.33)

However, the proof from the ground-state case does not easily generalize, as there
is no minimum principle for the time-dependent theory. We therefore numerically
implement this scaling, to see if Eq. (4.33) appears to be satisfied. Just as

earlier in the paper, it is technically difficult to scale the density, as the potential
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becomes non-harmonic. Instead, we simply scaled the force constant, writing k., =
7%k, which causes the density to scale approximately, and (for some quantities)
becomes equivalent to density-scaling in the high-density (i.e., non-interacting)
limit. The energies Vi (7?t) and T(y%t) of the system approach twice those of
the time-dependent 3dHO with the same time-dependent external potential, as
they should. Fig. 4.10 indicates that the correlation energy Eq(y*t) becomes
independent of 7 as the system is scaled to high densities.

To see this in detail, note that the value at ¢ = 0 is the ground-state correlation
energy for each system, and its variation with v is a measure of both how close
the £k = 1/4 Hooke’s atom is to the high-density limit and (to a lesser extent)
the error in our approximate scaling procedure. Thus the fact that, out to about
v*t = 36, the differences between curves become no larger than at ¢t = 0, while
undergoing significant changes as a function of ?¢, shows that (numerically), Eq.
(4.33) is satisfied.

This will only hold for a finite amount of time, not the entire run. As the
system is scaled to higher densities, the effective electron-electron interaction
becomes weaker[48]. For large but finite v, the difference in the time evolution
of the interacting and Kohn-Sham systems eventually becomes significant. For
the conditions of the run shown above, this appears to occur at about y*t = t,,

where t, is about 24.

4.6 Conclusions

In all the data presented in this paper, comparisons between the exact correlation
energy and a ground-state approximation are made. In a truly adiabatic system
where the system has time to adjust to the external perturbation, a ground-state
approximation will work well. But in any non-adiabatic case there are important

dynamical effects present in the exact correlation energy that must be captured
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by any approximate functional.

We found that the dynamical effects can be very large and lead to qualitatively
different behavior of the functionals than that predicted by any ground-state
approximation. The most striking example of this is the correlation energy, Eq(%),
which can become positive unlike any ground-state approximation. It has been
seen in all runs that E%" was always a positive quantity so the adjustment from
the ground state values have raised the value of the correlation energy. We proved
that E9™(¢) is always bounded below by a negative number, —7T3¥", but whether
the stronger statement of positivity is always true remains to be proved. We
found that F¢(t) and v (rt) are very non-local functionals of the density in time,
and cannot be accurately predicted from only the density at recent times.

In the ground-state case T is always positive, which follows from a ground-
state variational principle. In the time-dependent case, T(t) was also found to
be positive in all our runs, but we found no proof that this is true generally.

We proved in the linear response regime, that although the dynamical cor-
relation energy F3™(¢) vanishes, the correlation potential v (rt), and therefore
the exchange-correlation kernel fxc(r,r’,¢ — t'), has a non-zero dynamical piece.
This piece is completely missed by the commonly used adiabatic approximation
for fxc (e.g. ALDA, or any adiabatic GGA).

Future work remains in many areas. Our runs were mostly in the moderate
to high density regime. The low-density properties of our system remain to be
investigated. The study of the dynamics when the initial state is other than the
ground-state of the system must be explored. These results must be compared
to approximate calculations made at the present time with adiabatic approxima-
tions. An approximate functional which includes the non-local effects discussed
in Sec. 4.5 must be constructed and tested. We believe that ensuring the satis-
faction of the exact statements shown in this paper will lead to the development

of more accurate functionals.
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