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The equilibrium properties of classical Lennard-Joflekg) versus quantum Ng Lennard-Jones
clusters are investigated. The quantum simulations use both the path-integral Mont€PO4()

and the recently developed variational-Gaussian wave packet Monte (V&MW-MC) methods.

The PIMC and the classical MC simulations are implemented in the parallel tempering framework.
The classical heat capaci@y,(T) curve agrees well with that of Neirotit al.[J. Chem. Phys112,
10340(2000], although a much larger confining sphere is used in the present work. The classical
C,(T) shows a peak at about 6 K, interpreted as a solid-liquid transition, and a shoutddrkat
attributed to a solid-solid transition involving structures from the global octahé@rgminimum

and the main icosahedréCs,) minimum. The VGW method is used to locate and characterize the
low energy states of Ng which are then further refined by PIMC calculations. Unlike the classical
case, the ground state of Nds a liquidlike structure. Among the several liquidlike states with
energies below the two symmetric stat€ andCs,), the lowest two exhibit strong delocalization

over basins associated with at least two classical local minima. Because the symmetric structures do
not play an essential role in the thermodynamics ofgNiae quantum heat capacity is a featureless
curve indicative of the absence of any structural transformations. Good agreement between the two
methods, VGW and PIMC, is obtained. The present results are also consistent with the predictions
by Calvoet al.[J. Chem. Phys114, 7312(2001)] based on the quantum superposition method
within the harmonic approximation. However, because of its approximate nature, the latter method
leads to an incorrect assignment of the;\ground state as well as to a significant underestimation

of the heat capacity. @005 American Institute of PhysidDOI: 10.1063/1.1860331

I. INTRODUCTION change the structural or thermodynamic properties of the re-
spective Ne clusters. For example, although the heat capacity

In this paper, we investigate equilibrium properties of C (T) around the “solid-liquid” transition temperatur@
the Neg Lennard-Joneg¢lLJ) cluster. Particularly, we are in- ~ 10 K) is reduced in magnitude and shifted about 10% to-
terested in how the equilibrium structure, energy, and heajvard lower temperatures as compared with the purely clas-
capacity as functions of temperature are affected by theical L}, the heat capacity curve for Neghas a behavior
quantum nature of the system. Our interest is partly motisimilar to that of LJ5. It would certainly be interesting to
vated by recent advances in the development of accurate nyerify whether the quantum effects lead or not to qualitative
merical quantum statistical mechanics techniques as well agifferences for larger Ne clusters, especially those that do not
by their successful applications to smaller Lennard-JoneRave a magic number of particles. Of particular interest is the
clusters. As such, Ref. 1 report fully converged heat capacitiess cluster, for which there is the additional question of
curves obtained by the path-integral Monte CafiMC)  whether or not the quantum ground state is still localized in
method for various Ar,Ne, Lennard-Jones clusters. The the celebrated octahedral basin, a basin that contains the clas-
LJ;3 cluster is one of the smallest that exhibits a pronouncedical global minimum and which represents a deviation
liquid-solid-like structural transition, according to the exis- from the icosahedral Mackay packing characteristic of all the
tence of a peak in the heat capacity cuB€T). On the other  other neighboring clustefs.
hand, Ng; is perhaps the largest Ne cluster treated so far ~An attempt to answer these questions for a variety of
guantum mechanically on the entire range of interestingare gas LJ clustergincluding Neg has been made by
temperature%’.2 Calvo, Doye, and Wale%using various approximations, par-

In the case of Ar or heavier rare gas clusters, the quanticularly, the quantum superposition method. In this approxi-
tum effects can safely be treated as small perturbaﬁonsmation, one treats all the classical minima of the potential
However, it has long been known that the Ne clusters exhibienergy surface independently and within an harmonic ap-
strong quantum effects, not only in the low temperature reproximation. Quite interestingly, the technique predicts the
gime, but also in liquid phasestill, perhaps because 7 and absence of the solid-liquid transition peak in the heat capac-
13 are magic numbers, the quantum effects do not essentiallfy curve for the quantum Ng cluster. Also, it suggests that
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the global minimum is no longer localized in the octahedralNe;; Lennard-Jones cluster. The original Heller's idea of us-
basin. However, although many of the conclusions of Ref. 3ng the VGWSs for approximate solution of the time-
remain qualitatively unchanged, we have found that the endependent Schrodinger equaﬁfﬁh6 was later followed by
ergy estimates given by the harmonic approximation in thismany groups. Some important, but certainly not complete
case are unacceptably inaccurate. For instance, the harmomiferences are Refs. 17-25. While most of the developments
approximation incorrectly assigns the ground state to a stateere concerned with the real-time dynamics, the work of
from the icosahedral basifstate 4 from Table)lthat turns  Metiu and co-worker$? where the VGWs were adapted to
out to have an energy about 24&gK greater than the the solution of the “imaginary-time” Schrédinger equations,
octahedral-based structure, invalidating the conclusions ahost closely relates to the present VGW-MC method.
Ref. 3. Nevertheless, we still find that the configurations of  The VGW-MC is a manifestly approximate quantum sta-
minimum quantum-mechanical energy are indeed disorderedistical mechanics approach, which is supposed to be exact
liquidlike structures localized in the icosahedral basin. Yet, itonly in the high temperature limit or for a purely harmonic
is clear that techniques that are more sophisticated than theystem. Quite surprisingly, the results obtained by this
quantum superposition method must be utilized for a reliablenethod for general strongly unharmonic systems turned out
study of the thermodynamic and structural properties of théo be very accurate, even at low temperatures. For example,
Ne clusters. As Calvo, Doye, and Wales acknowledge, iin the case of the Ng cluster, nearly quantitative agreement
would be desirable if their results could be verified by morewith the existing PIMC calculations was achieved for the
accurate simulations, although they note: “It is very likely heat capacity and equilibrium structural properties. Although
that simulating Ld; or LJg by quantum Monte Carlo meth- the method does employ Monte Carlo sampling, its conver-
ods at thermal equilibrium is not practical with the currentgence properties at low temperatures are completely different
computer technology.” We attempt to give a partial answer tdrom those in the parallel tempering Monte Carlo schemes:
their challenge by utilizing two different quantum algo- the initial conditions for the Gaussian wave packets are
rithms, both of which have been shown to accurately treasampled by a primitive Metropolis walk running at an in-
the smaller Ng; cluster™’ verse temperaturg= By sufficiently small to ensure ergod-
The first algorithm is a random series based PIMCicity. Each Gaussian is then propagated to the higher values
techniqu&*°which, in principle, is an exact method. It must of 8 making its contribution to the partition function. Thus, a
be realized though that an accurate computation of the heatngle Metropolis walk is used to obtain results for the entire
capacity is a more demanding task for PIMC than the evalutemperature range of interest, also circumventing the quasi-
ation of the average energy, for instance. Even for the latestrgodicity problems at low temperatures. As argued and
heat capacity estimatotsthe standard deviation still grows demonstrated in Ref. 7, it is the quantum nature of the Ne
as fast asT 2, when the temperature is loweréithe predic-  system which ensures the convergence of the method, a con-
tion is a theoretical upper bound; in practice, we have alwaysergence that, at first glance, may seem completely counter-
observed an improved behavior, closerTid). At the same  intuitive. Some numerical aspects of the VGW-MC method
time, the heat capacity itself decreases at a rate followingtill remain to be explored in the future. Those include the
perhaps a polynomial law for a large range of low use of more efficient sampling strategies. For instance, the
temperatures(of course, after removing the part associatedmethod can be implemented in the parallel tempering fashion
with the translational degrees of freedom, the decrease i§ needed. However, since the numerical scheme, as de-
exponentially fast in the extreme low temperature limit, duescribed in Ref. 7, worked for the present case of thggNe
to the finite number of particles in the clustelThus, the cluster, no attempts to optimize its performance were made
relative error increases rather severely at low temperaturebere. Thus, in the present study, the computations are done
Other limitations of the PIMC method come from the in- using both parallel tempering PIMC and VGW-MC. The lat-
crease in the numerical effort associated with the larger numter approach seems to have better convergence properties at
ber of path variables needed for low temperatures as well dsw temperatures, while the former is manifestly exadten
from the sampling difficulties related to the larger number ofthe statistical errors can be made sufficiently sjnall
path variables. However, the latter kind of limitations are ~ The double-funnel topology of the potential energy sur-
surmountable, either by employing path integral technique$ace of the Ldg clustef® has proved a tough simulation chal-
having faster asymptotic converge Ckor by employing lenge for most of the Monte Carlo algorithms. This challenge
better sampling strategié%.12 Most likely, the biggest gain has only recently been answered by Neirotti and
will come from the design of better heat capacity estimatorsco-workers?’ who have employed the parallel tempering al-
To cope with ergodicity problems, the path integral techniquegorithm to successfully simulate a {gXluster confined by a
has been utilized in conjunction with the parallel temperinghard-wall potential with a radius dR.=2.25 ;. Extensive
procedurel,3 in which a number of Metropolis walks at dif- studies made by Neirotti and co-workers have shown that the
ferent temperatures are utilized, with the configurations genparallel tempering algorithm in the canonical ensemble can-
erated by walks with similar temperatures swapped periodinot equilibrate the Ls} cluster in about 108 1P passes
cally. through the configuration space, if the original Lee, Barker,
In Refs. 7 and 14 a novel methaGW-MC) using and Abraharff confining radius ofR.=3.612r ; is utilized.
variational-Gaussian wave packets in conjunction with aHowever, they have argued that the thermodynamics of the
Monte Carlo sampling of the initial conditions was devel- cluster remains basically unchanged if a smaller confining
oped and tested for various benchmark systems including thedius ofR.=2.25 ; is utilized.
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For the quantum Ng cluster the confining radius of tionally symmetric configurationswith the dimensionality
R.=2.2% 5 is perhaps too small. For instance, the radius ofN of the clustef® Therefore, the ability of the high-
the configuration proposed in Ref. 3 as a ground state for theemperature replicas to find configurations in the octahedral
Ne cluster(state 4 in Table)lis R.=2.255 3, after quench- basin(the basin associated with the global minimumquite
ing to the closest classical minimum. Clearly, such a statéow and decreases further if the vapor pressure of the cluster
would have been made inaccessible by the small confinings decreased, for instance, by increasing the confining radius.
radius utilized by Neirottiet al. In the present work, we As such, the finding of Neirotet al?’ that the system is hard
utilize a confining potential in the form of a steep polyno-to equilibrate even in 108 10° passes must not necessarily
mial, which is more suitable for quantum simulations. It hascome as a surprise.
been argued that, for such an analytical form of the confining The Lennard-Jones parameters utilized in this paper are
potential, a larger confining radius of at le&t=2.657 ;is  those employed in previous studies of Ne clusters;
necessary in order to ensure that the low-temperature thex=35.6 K ando, ;=2.749 A. The mass of Ne atom was as-
modynamic properties of the classical cluster are not signifisumed to ben=20 a.u. In both classical and PIMC simula-
cantly altered® For quantum systems, one needs to worrytions, we have employed the same analytical expression for
about the possibility that the effects of quantum delocalizathe confining potential, in the form of the steep polynomial,
tion may lead to an even stronger influence of the confining B 20
radius on the structural properties of thes)eluster. Thus, V(1) = e([fi = Remll/R)™. (1)

in th_e _presen_t study we have decided .to em_ploy the Origi”aﬂ-lere,Rcm is the center of mass, whereBs=3.612r , is the
confining radius 0R;=3.612r;. In making this choice, we  ¢,xfining radius. Recent studies performed by Sabo, Free-
have been also motivated by the preliminary findings that the .o and Dof® have demonstrated that low-temperature
large quantum effects, through raising the zero-point enefgermodynamic properties of the cluster may be sensitive not
gies and barrier tunneling, radically reduce the difficulty Ofonly to the exact value of the confining radius, but also to the

the sampling problem. Yet, we had to make sure that thepane of the potential. Because the polynomial potential is
thermodynamic and structural changes observed are solely,; sufficiently flat for small values dff;—R.,|| when com-

due to quantum gﬁects and not to the larger com_‘ining _radi_uf)ared to a hard-wall potential, a radius of at ledt
er_nployed. For this reason, we have started_ our |nvest|gat|ogz_65LJ must be utilized in order to prevent the disappear-
Wlth a .Monte Carlo .S|mulat|on fqr the clgssmalglg.l:luster, ance of the premelting solid-solid phase cha??gdowever,
which is presented in the following section. beyond this radius, the vapor pressure depends only slightly
on the exact value of the confining radius, for a large range
Il PARALLEL TEMPERING SIMULATION Qf such values. The low-temperature thermodyna_mig proper-
OF THE LJ . CLUSTER ties qnd_, to a good extent, the properties of thg I|_qU|d phase
remain invariant to the exact value of the confining radius.

As discussed in the Introduction, the first successfulNevertheless, the confining radiusRf=2.65s ;, which is a
attempt§7 to compute the thermodynamic properties of theminimal requirement for a classical cluster, is no longer sat-
LJsg cluster by parallel tempering simulations have revealedsfactory for the quantum Ng cluster, when our decision to
the difficulty in attaining ergodicity. The Lg cluster has a employ the significantly larger Lee, Barker, and Abraham
double-funnel topology of the potential energy surfdte, value ofR,=3.612 ; appears justified, although not compu-
with the octahedral and icosahedral basins separated bytationally optimal in the sense of Ref. 29.
large-energy barrier. The way parallel tempe?’?‘ngies to We have employed exactly the same parallel tempering
overcome the high-energy barrier is by coupling a set oftrategy as the one from Neirot al,?” except for a larger
statistically independent Monte Carlo Markov chains via ex-number of parallel replicas, 64 instead of 40, which have
changes of configurations between replicas of slightly differteen arranged in a geometric progression spanning the inter-
ent temperatures. The swapping events by themselves do nedl of temperature$1.0 K, 12.46 K. As such, we do not
lead to new configurations. Rather, the configurations fronmdescribe the technique here and, instead, refer the reader to
the low-temperature replicas climb the ladder of temperathe cited reference. To begin with, we have performed a first
tures and reach the high-temperature replicas, where they asémulation in 100< 10° sweepgpassepsthrough the configu-
destroyed and replaced with energetically more favorableation space, which were preceded by>200° warming
configurations. steps. The sweeps have been divided in blocks xf18°

The rate of equilibration of the parallel-tempering simu- each. Rather than using all 20 blocks to compute the heat
lation depends on the ability of the high-temperature Me-capacity, we have calculated two heat capacity curves, each
tropolis walkers to jump between the icosahedral and thaising 10 blocks of data. This approach allows us to evaluate
octahedral basins with a sufficiently high frequency. Let ushe convergence of the simulation. The two curves are those
mention that, although they have enough energy to do so, thieom Fig. 1 that exhibit a clearly defined low-temperature
replicas of highest temperature must defeat the action of themaximum, additional to the one associated with the solid-
entropy, which favors the configurations from the icosahedraliquid transition.
basin or, beyond the melting point, the configurations that are  The appearance of the fake low-temperature peak in the
associated with the liquid phase. At high temperature, théneat capacity curves early in the simulation tells us a lot
number of local minima that become thermodynamically ac-about how parallel tempering works. Such peaks are due to
cessible increases asexp(aN) (not counting the permuta- solid-solid transitions between the configurations from the
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FIG. 1. Evolution of the heat capacity profiles for thed dluster during the g
parallel-tempering Monte Carlo simulation. Each of the six curves has been N 20} T
computed by collecting averages for successive groups sf180 passes. L . . —

Early on in the simulation, the heat capacity shows a fake maximum at low 0 2 4 6 8§ 10 12
temperatures, maximum that is gradually washed out and transformed in a T [K]
“shoulder.” The last two curves are virtually indistinguishable on the plot

and the data utilized to compute them have also been employed for the finghg > Heat capacity per atom in units kf for the L1 cluster using a

result. confining radius oR,=3.612r ;. In the lower panel, the derivative against
temperature is given. As explained by Neirotti and co-workBes. 27, the
. . . small low temperature maximum in the derivative curve is associated with a
octahedral and the icosahedral basins, transitions that lead $§econd-order solid-solid phase transition between the configurations from

large energy fluctuations. The transitions between the replithe octahedral and icosahedral basins.
cas are achieved through the replica exchange mechanism.

Because at the beginning of the simulation only a few OCtaihe cluster. On the other hand, our simulation reveals a very

hedl_ral popfigu(r:la:ions hak\)/ et been fotur;]d,da Ilowét?mpe;atgrﬁnportant property of the parallel-tempering algorithm. If the
replica 1s forced 1o jJump between octahedral and icosane r?”igh-temperature replicas are capable of finding the relevant

cpnflgu_ratlons through the exchange mechanlsm_. AS _thgonfigurations at a reasonable rate, then the simulation will
simulation goes on, more and more octahedral configuration onverge quite quickly and it should not be stopped prema-

are found. Because they are energetically more stable, th";‘:Mrely. Future research in the development of replica ex-

are placed in the replicas of lower energy. These IOV\_/'change techniques should be concerned with designing ways

temperature repllcgs are involved more and more qnly : identify which of the replicas generate the bottleneck con-
exchanges of configurations from the octahedral basin anﬁ?

. : _Higurations and how one can improve the rate at which the
their energy fluctuations decrease: the fake heat Capac"%(gnfigurations are generated.
peak moves to h_|gher temperatures. . In Fig. 3, we present the radial pair correlation functions

T_he _mechamsm descnbed_l_n th_e preceding paragrapﬁ)r different temperatures. The shape of the functions
also implies that the rate of equilibration of the parallel tem'changes as the temperature is lowered 10 K, which
pering simulation can be estimated from the rate at which the '
fake maxima move to the right. More precisely, because the
supply of newly found octahedral configurations is steady, p(r)
the peaks will move to the right roughly at a constant rate
until the heat capacity profile reaches the equilibrium shape.
Based on this line of reasoning, we have performed two
more simulations of 108 10° passes, each preceded by 20
X 10° warming sweeps, and each starting from the last con-
figuration of the previous simulation. The four heat capacity T=4K

curves generated using the new data are also shown in Fig. 1, T=6K
with the last two being virtually indistinguishable. The data M
T=10K

obtained in the last 100 1P passes have been utilized to

compute the heat capacity curve from Fig. 2. Thus, the simu-

lation has needed about 28a.(° passes for the equilibra- o 1 5 3 T

tion phase and only 1001(° for the accumulation phase. /G
The heat capacity curve obtained is almost identical to

the one computed by Neirotti and co-workers. Thus, ourFIG. 3. Radial pair correlation functions for the classicajglcluster. Note

: : ; : : : he change in the number and the position of peaks, as the temperature is
simulation constitutes a direct proof of their assertion that th owered fromT=10 K (liquid phase to T=6 K (mainly structures from the

C0n5tra_-inin9 radius oR;=2.25r; is large enough not -tO icosahedral basjnand finally toT=2 K (mainly structures from the octa-
essentially change the low-temperature thermodynamics ofedral basin
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contains configurations characteristic of the liquid phase, tdrotter approximation, yet the technique has a superior
T=6 K, which mainly contains structures from the icosahe-asymptotic convergenc&(1/n*, as opposed t®(1/n?).
dral basin, and finally tor=2 K, which mainly contains The Monte Carlo procedure is based on the fast sam-
structures from the octahedral configurations. The associgling algorithm. As observed in Ref. 10, updating more than
tion of the shape of the radial pair correlation functions witha few path variables at a time in a Metropolis step results in
the respective configurations is based upon the analysis @f decrease in the maximal displacements that is proportional
several order parameters performed by Neirotti and coto the square root of the number of path variables updated.
workers.[Also see below the comparison of classical andThe effect is entropic in nature and is roughly independent of
guantump(r) of the same symmetrigs. the amount of correlation between the variables that are
sampled. On the other hand, if the variables are updated
separately, one needs to perform+# potential evaluations
for each of the A+4 variables. It has been argued that the
It has been long recognized that the computation of heatumber of potential evaluations for an efficient update of the
capacities by path integral Monte Carlo techniques is quit@ath variables scales #én+4)?, regardless of the strategy
difficult, due to the strong decrease in the heat capacity wittitilized. The fast sampling algorithm is based on the obser-
the decrease in the temperature. Our ability to report wellvation that, ifn=2~1, then the A+4 variables can be di-
converged PIMC results for relatively low temperaturesvided in 4+log(n+1) layers, with the path variables from
(down to 1.78 K for the Ng cluste) relies on recent devel- each layer being statistically independent. With a single
opments in the design of direct path integral techniquegvaluation of the action, one can update all variables from a
(techniques that solely call the potential function for thelayer, independently. Therefore, the cost to update all path
evaluation of physical propertiesSuch developments in- variables in a statistically efficient manner in+1)[4
clude: short-time approximations having faster asymptotictlog,(n+1)], a significantly better scaling.
convergencé, more efficient sampling techniqué&,and Numerical experiments have shown that the number of
thermodynamic energy and heat capacity estimators havingath variables necessary to achieve systematic errors compa-
lower variances:® Because the PIMC technique has beenrable to the statistical errors isn44=256. The number of
extensively described in the cited references, here, we onllayers is 10. A total of 1& 256=2560 potential evaluations
enumerate its salient features. are needed to efficiently update each of the path variables
We employ a finite-dimensional approximation to the associated with a given degree of freedom. Similar to the
Feynman—Kac formula in the form of a Lie—Trotter product Monte Carlo simulation for the classical system, the path
' variables corresponding to different particles are updated
pn(X,X"; B) .
separately. We have randomly selected a particle and a layer

and updated the corresponding path variables. It follows that
:f dX1---f dxnpo(x,xl;—nfl)...p0<xmxf-_:8 ) ) p p gp
R R

Ill. THE PATH INTEGRAL MONTE CARLO TECHNIQUE

‘n+1 a pass or sweep through the configuration space requires
38x10=380 elementary Metropolis steps. The simulation

of a short-time approximation of the type employed for the computation of the heat capacity curve has
po(X.X": B) consisted of 100 accumulation blocks of 2000 passes each.
The accumulation phase has been preceded by 50 equilibra-

— . tion blocks. The Monte Carlo replicas corresponding to dif-

= pip(X,X"; du(ay) -+ | dula . .

Piol ’B)L wl@) L () ferent temperatures have been involved in exchanges of con-

4 3 figurations each two passes, according to the parallel

~ tempering algorithm. We have employed a number of 64
X exp) - 'Bz WV (W) + Ug‘l AAK() (3) independent replicas of temperatures arranged in a geometric

progression spanning the intervid.78 K, 12.46 K. The
The quadrature pointg; and weightsw; as well as the func-  opserved acceptance rates for replica exchanges were larger
tions A, (u) are designed such that the convergence than 40%.
. . The thermodynamic energy and heat capacity estimators

PrXXT3B) = p(xX'3 B) are those obtairiled by form%)ll differentiati(?n 012/ the Lie—
is as fast a©(1/n%. These parameters are universal, in theTrotter formula® The temperature differentiation can be per-
sense that they are independent of the choice of potentifibrmed by a central finite-difference scheme requiring three
V(x), and are given in Ref. 9, reference that should be conpoints! Thus, the overall computational effort for the quan-
sulted for further information. Here, we only mention that tum simulation is a factor of 3 2560=7680 larger than for
the short-time approximation introduces additional path varithe classical simulation, per Monte Carlo sweep. Fortunately,
ables. The total number of path variables for the diagonabecause of the extensive quantum effects, one does not need
elements of thath order Lie—Trotter product ism+4, which ~ so many passes as for the classical simulation. In fact, as our
is the number we report. The number of evaluations of thdater results show, the configurations associated with the oc-
potential function necessary to compute the action for a partahedral basin, which contains the classical global minimum,
ticular path parametrized by then44 path variables is also have an unfavorable quantum energy. The effective topology
4n+4. Therefore, the computational effort relative to theof the potential energy surface is drastically simplified, with
number of path variables is the same as for the trapezoidahe octahedral basin being almost completely taken out of the
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picture. Therefore, the ergodicity problems observed for the
classical simulation do not appear in the case of the quantum <= J d*NgoK (do; B) (6)
simulation.
In addition to the main Monte Carlo simulation, we have over the N-dimensional configuration space, where the in-

performed several Monte Carlo simulations at the fixed temtegrand is
perature ofT=1.78 K, in order to estimate the average en- ey .
ergy of the configurations of minimal energy from Table I. K(Go: ):=(00: 1210lo; 512)- @
These simulations have utilized four parallel streams of 50This expression is exact if the statefg; 7) satisfy the Bloch
blocks each, for a total of 200 accumulation blocks. Theequation. In the present framework, they are approximated
accumulation phase has been preceded by 25 equilibratidsy the variational-Gaussian wave packets defined by
blocks. The simulations have been started from the centers of N —3N/2||~[-1/2
h , -, (rlao; = (2m) VG|

e Gaussian wave packets of minimal energy that were ob-
tained during the VGW simulation. We did not utilize paral- xexd - 3(r-q TG r-q)+v], (8)
lel tempering for these simulations because globally ergodic .

walkers would eventually leave the starting configurationsWlth the time-dependent parametds=G(7), q=q(7), and

and move to entropically more favorable configurations.”~ A7) corresponding, respectively, to the Gaussian width
Only through broken ergodicity can we meaningfully associ-m_""tr'xh(a N X 3_N real symmeltrlc and posm\ée-defmllte n|1a—
ate the estimated energies with the input configurations. T ix), the Gaus;laré%entéa rea ﬁveg“;."'."?‘” afrere]l Sczeh
verify the association, we have quenched several of the fin f;\ctqr. [Npte the di erence In t.e € |n|t|c'>n. of t € wi t
positions of the simulated configurations. In all cases, Wénatrle in I_Eq. (8) relative to its Inverse OF'g'”a”y _ut|I|zed
have recovered with a high probabilitgver 50% the initial in Ref. 7] Given the Gaussian approximation, the integrand
configurations. However, for both of the configurations 1 and" EG- (6) becomes

2, we have obtained another classical minimum, the basin of  K(qq; 8) = (47)3V?|G(B/2)| 2 ex 2v(B/2)]. 9)
which was frequently visited. Thus, at least for the tempera- . .

ture of 1.78 K, the configurations of lowest energy are delo- The Gaussian parameters are computed by solving the

calized over basins associated with at least two classicap’Stem of ordinary differential equations,
minima. G=-G(VVTU)G +42M,

q=-G(VU),
IV. VGW-MC: VARIATIONAL-GAUSSIAN-WAVE

PACKET MONTE CARLO y==3Tr((VVTU)G) - (U), (10)

A general and detailed description of the VGW-MC starting from the initial conditions
method can be found in Ref. 7. In this section, we summarize q(70) =
those aspects of the technique that regard the calculation of 07— Hor

the partition function for aN-particle system, G(ry) = Toﬁzl\/l'l,

Z:=Tr eX[i— ﬂH) ')’(TO) - _ TOU(qO)1 (11)
with B=1/kgT. The equilibrium energy is computed by dif- which are defined for a sufficiently small but otherwise arbi-
ferentiating the partition function trary value ofr,. In Eq. (10), (U) represents the averaged

(over the Gaussiarpotential,(VU), the averaged force and

E= kBTZa Inz (4) (VVTU), the averaged Hessian:

aT '

(U):=(ao; U|do; DK (ao; 2774,
whereas the heat capacity is obtained by differentiating the
energy (VU):=(ao; 71 V Uldg; DK (ao; 27) ™,

_JE (VVTU):=(do; 71 V VUqo; DK(o; 27) 7. (12)

T Note the difference in the equations of motidi®) rela-

In Cartesian coordinates, the Hamiltonian is given by tive to those originally derived in Ref. 7. Namely, the inverse
of the matrixG is not needed here and is not computed.
For a potential with isotropic two-body interactions,

u(r) = 2 V(ry). (13

i>]

C,

- K2
H:—EVTM*V +U(r), (5)

with diagonal mass matrif =diagm,). By r:=(rq,...,ry",

we define a Bl vector containing the particle coordinates. Whererj;:=r;—r;, the Gaussian integrals in E.2) are most

V:=(V,,...,V\)" represents the gradient. conveniently evaluated by representing the pair potential as a
The partition function is written as the integral sum of Gaussians,
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P =Z(T) for the entire temperature interval of intereSt
V(rj) = 2 cp expl= ayr?), (14 <Tye). That is, given the sequende)’} (N=1,...,Nyc)
p=1 sampled according to the probability distribution function
for certain parametersp and ap (Re ap>0)_ S|mp|e poten_ K(q(()n),BMc), the pal"[ition function for the temperatu'ﬂ'eis
tials, such as the Lennard-Jones potential, can be accuratefpmputed with the help of the formula

fit by only a few terms with reaky, (Refs. 7 and 3L Here Nmc (n).
o P 1 K(dg":B)
we utilize the same parameters as in Ref. 7. Z= 0. . (18)
Define the 3x 3 matrices, Nwc n=1 K(do"; Buc)
Aj:=(G;i +Gj; - G — Gji)_l, As extensively discussed and demonstrated in Ref. 7, for
a strongly quantum system as the Ne cluster, this expression
Zj(@)=a- a2(a+A”.)—1, converges for all temperaturéds<Tyc. This may seem to

) contradict the general experience with Monte Carlo simula-
whereG;; denotes the corresponding<® block of the ma-  tjons, as one expects the ensembles for different tempera-
trix G. The analytic expression for the three-dimensionakyresT and Ty, to be quite different, a fact that could po-
(3D) Gaussian averaged over the variational-Gaussian wav@ntially result in poor sampling. Despite this, E(L8)

packet then reads converges well. The explanation is that the entire Gaussian
Al distribution, which is broad at the high temperatdrgc,
(exp(— arﬁ)) = IIAf_"{;”exp[— qEZij(a)qij], (15 shrinks when the Gaussians are propagated to lower tempera-
ij

tures(the Gaussians fall into the potential well¥herefore,
whereg;:=¢;—q;. The elements of the averaged gradient areat all temperature$=1/kg, the Gaussians parametrized by
5 5 G(B/2), q(B/2), andy(8/2) are representative of the physi-
(Viexp(= ar)) = - Aexp(- arjj))Z;j(a)q; (160  cally relevant region of the configuration space.
for k=i,j, and <Vkexp(—arﬁ))=0 for k#1i,j. Finally, the
four nonzero blocks of the second derivative matrix areV: THE GROUND STATE OF Negg HAS LIQUIDLIKE

given by STRUCTURE
V.V ext— ar)} = (V. V7 exn(- ar2 The global potential energy minimum of thegg&luster
(ViVir exp(= arij)) = (V;Vj exp(- arij)) is a truncated octahedron with energyE,(Oy)
=~ (V,V] exp(- ar})) =-162.943kgK. (Here and throughout the paper the energy
__ (VjViT expl— ar?—)) |s.rejportec.i as the energy per atopifihe next-in-energy Ipcal
! minimum is also a symmetric structure, namely, an incom-
= 2exp(- ar))[2Z;j(a) ;A Zf () plete Mackay icosahedron witk,(Cs,) =—162.310kgK. For

T the corresponding quantum system, it is natural to expect the
- Zj(a)]. 17 .
ground state energy to be one of these symmetric structures.

The most flexible form for the variational wave packet is On the other hand, the symmetric minima have the stiffest
the fully-coupled Gaussiatfull matrix G). In this case, the potential, which, for sufficiently large values of the quantum
numerical effort to solve the equations of motidid) for the  delocalization parametex=%/ o, ;yme; 3, may result in high
Gaussian parameters scalesN@sThe extended acronym for zero-point energies (ZPE). As such, the Harmonic
the corresponding version of the method is FC-VGW. Aapproximatioﬁ (HA) predicts that one of the disordered
more approximate but computationally less intensive versioiMackay-based local potential minima that would be assigned
(SP-VGW employs single-particle variational-Gaussianto a liquidlike structure in the classical simulatio{&tate 4
wave packets corresponding to a block-diagonal ma®jx in Table ) has the lowest ZPE. As argued in Ref. 3, this
each block being a 8 3 real symmetric matrix representing effect may also be accompanied by the disappearance of the
a single particle. This results inNBindependent dynamical solid-liquid peak in the heat capacity curve. This was con-
variables contained in the arragsand G and leads to the firmed by calculations using the quantum superposition
~N? numerical scaling, which is due to theN? terms in the  method for Ngg, also within the HA. Incidentally, more ac-
potential energy. Although both FC-VGW and SP-VGW arecurate energy estimatiorisee belowshow that the accuracy
approximations, only the former gives exact results for genof the HA is not sufficient to make a reliable prediction of
eral quadratic multidimensional potentials. Also, in the SPthe ground state energy and structure. In fagg.(4)
VGW approximation, the motion of the center of mass is not>E;(Oy), Eqn(Cs,) (see Table), i.e., the state 4 has rela-
separable. However, as demonstrated in Ref. 7, in the case tifely high energy. Moreover, because of the strong delocal-
the Ng5 Lennard-Jones cluster, the two methods give quitézation of the eigenstates of hgover more than one classi-
similar results for the heat capacity, results that agree vergal minima(see beloy, the applicability of the HA seems
well with those obtained by PIMC. guestionable. However, from what follows, the main qualita-

The integral in Eq(6) is most efficiently computed by tive conclusions of Ref. 3 remain correct.
the Monte Carlo method. The sampling strategy employed in  In the present work, the procedure to search for the
the present work is as in Ref. 7. The configurations sampledquantum ground state consists of first generating a long clas-
by a single Metropolis random walk at a sufficiently high sical Metropolis walk at the temperatufe11.5 K (at which
temperature Tyc (=1/kByc) are utilized to produceZ  the random walk is ergodic Every once in 5000 classical
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TABLE I. Energies per atom in units diK of the six configurations discussed in the text estimated by five
different methods. The error bars for the PIMC resttitgice the standard deviatipare all about 0.0%zK. In
addition, the finite MC temperature, T=1.78 K, leads to a systematic state-independent shift of all the PIMC
energies by about 0KzK. States 1-4 have liquidlike structure with no particular symmetry. The classical
minima for states 1, 2, and 3 were obtained by quenching the quantum paths during the PIMC simulations.
States 1 and 2 gave each at least two different classical local minima.

State FC-VGW SP-VGW PIMC HA Classical
1 —102.946 —99.156 —105.847 e —158.957
—159.104

2 —102.911 —99.319 —105.839 —158.662
—158.686

3 —102.905 —99.350 —105.824 —158.312
4 —102.141 —98.465 —105.054 —100.639 —157.877
O —102.789 —98.350 —105.744 —99.753 —162.943
Cs, —-102.814 —98.682 —105.700 —162.310

“Reference 3.

MC steps, a configuration, is selected to set the initial during the search. As pointed out by Neirotti al,>’ the
conditions to propagate the variational-Gaussian wavdraction of highly-symmetric structures having eith@g or
packet in imaginary time ta=1(kgK)™%, using the single- Cs, symmetries is almost zero at the temperature of 11.5 K.
particle representatioltiSP-VGW). During its propagation Thus, there is the real possibility that our simulation is not

the energy of the VGW is computed using ergodic with respect to the correct distribution of configura-
19 tions at lower temperatures.
e==o IN{Qo; 71G0; 7). (19) To address this issue, we have produced@h@ndCs,

states by propagating the VGW starting from the correspond-
Note that due to the variational nature of the Gaussian statd}d classical minima and verified that their energies are not
this is numerically identical to the more familiar expression the lowest. In addition, we have quenched all the final con-
R figurations obtained during the PIMC simulation, at the level
(do; H|qo; 7 of the VGW theory. These 64 configurations, spanning the
€= W' interval of temperatureél.78 K, 12.46 K, have also pro-
duced the configurations 2, 3, and(ifh this order of abun-
If the low-temperature state has sufficiently low energy it isdance, as well as some other configurations associated with
further propagated ta=5(kgK)™, at which point the VGW  the Metropolis walkers of higher temperatures. The energies
becomes nearly stationary. If this state is distinguishablef the latter states are, however, larger than those of states 1,
from all the previously identified low energy states, it is fur- 2, and 3. Quite interestingly, state 1, which we believe to be
ther refined by propagating it in imaginary time again7to the veritable ground state, was not as frequently visited as
=5(kgK)™, but now using the more accurate FC-VGW. state 2 during both the VGW and PIMC simulations. Let us
It can be shown that in the— o limit the Gaussian state note that the energies of these two states are very close. Most
|oo; 7 becomes stationary. Its energy then gives an uppelikely, state 1 is not entropically favorable on the interval of
estimate of the ground state energy. For small values of thgemperatureq1.78 K, 12.46 K. However, at even lower
quantum delocalization paramet&revery minimum of the temperatures, we may expect state 1 to become the dominant
potential energy results in its stationary Gaussian state. F@pecies in the thermodynamic ensemble. Unfortunately, our
large enough values of, the quantum state may be delocal- results so farsee the following sectignare not capable to
ized over a number of local potential minima, which is ex-describe the low temperature regime accurately enough to
pected to be the case for the Ne system. This significantlgtate whether or not the transition from configuration 2 to 1
reduces the possible number of stationary states and, therg- capable of producing a “shoulder” in the heat capacity
fore, simplifies the search for the ground state compared teurve.
the global optimization of the potential energy of the classi- In the context of the VGW approach, we found it suffi-
cal LJg cluster.
In our calculations, a total of f0Gaussians have been i
generated. Out of those states, the three lowest energy stat-(r:'AqBLE Il. Same as Table | but with respect to the energy of state 1.
were selected for further analysis. The results of our findings  gate FC-VGW SP-VGW PIMC
are summarized in Tables | and Il. We also present the en

ergy estimates for state 4, which was incorrectly assigned to 1 0 0 0

the ground state in Ref. 3, based on the harmonic approxi- g 8'82? _8'132 g'ggg

mation. These four states appeared during the search many ' o '

times with the hit rates being 1:61074, 6.5x1074 2.8 4 0805 0.691 0.794
» O ’ & o} 0.156 0.807 0.103

4 5 . .
X 10™%, and 10°, for stafces 1, 2, 3, and 4, respectively. Nei- Ce, 0132 0.474 0.147
ther octahedralO,, nor icosahedralCs, states were found
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p(r) i
State p(r) |I I — Ne,, Ground State
1 _
1 ,|l —- LJ38 T=10K
|
]
2
3
4
0,
CSV
T T T T
0 1 2 3 4 5 ‘
/G, T T T T T T T T T
L 0 1 2 3 4 5
FIG. 4. Radial pair correlation function¥r) for the six FC-VGW states r/GLJ
from Table I. For the liquidlike states 1-4 the radial distributions are nearly
identical. FIG. 5. The radial pair correlation functigir) for the ground state of Ng

and that for the classical kg cluster atT=10 K. The latter was scaled
. . . according topgcqedr) =ap(r/ a) with «=0.97 before plotting.
cient and convenient to characterize the structure of a sta-

tionary state by its radial pair correlation function,

Qualitatively, the status of the SP-VGW based approxi-
mation is similar to that for the FC-VGW. However, the sys-

: (200 tematic error is about twice as big. From Tables | and I, we
can see that the energigser particle of the selected states
estimated by SP-VGW are shifted by3 kzK per atom rela-

which is computable with little numerical effoffThe use of  tive to those estimated by the more accurate FC-VGW tech-

angular-dependent distribution functions may be more appraigue, independent of the state. Also the SP-VGW gives dif-

priate but is more complicated. In Fig. 4 we prespir) for  ¢arent energy ordering for states 1, 2, and 3.

the six stationary states from Table 1. Quite interestingly, for | order to verify the VGW results, we have also per-

the liquidlike states 14, they are nearly identical. Moreovers, med low temperature PIMC calculations using the initial

most stationary VGW states found in our calculations had th%onditions defined by the centroids of the corresponding
radial distribution very similar to that of state 1, while only a Gaussians. The simulation is explained in the last paragraph

IeCW )stz’iltes th?(p(r'?[hsmtllahr tg tn.?(t of ;he lcosahedrfal Stgte of Sec. lll and it has been conducted at the temperature of
5p)- MO Stale with oclahedraliike order was ever found. 0"[=1.78 K. For each of the six cases reported in Table I,

Perhaps a more convincing proof that the ground s_tatg during the course of the MC simulation, the path was always
the quantum Ng cluster corresponds to a disordered, liquid- . . . i !
localized in the same small region of the configuration space

like state is the similarity between the radial distribution where it started. This was checked by a auenchina procedure
function of the quantum ground state and the radial distribu- : yaq gp

tion function of the classical LJ system at the temperature which consisted in finding the classical potential minimum
of 10 K (see Fig. 5 The latter system is in liquid phase at 10 hearest to the quantum pagsee Table L Note that each of

K, as apparent from Fig. ZNote that the classical radial the two lowest quantum states and 3 have resulted in two

correlation function was scaled USINGL.edr)=ap(r/a) close minima upon quenching. For each of thesg two states
with «=0.97 in order to take into account the inflation of the W& checked that the VGW gave the same stationary state

quantum system relative to the classical dne. when propagated from either of the two classical minima.
Because it is more flexible than the SP-VGW, the pc-For state 1 the two classical minima are separated by a bar-
VGW provides a better approximation for the ground state/€r with height by an order of magnitude smaller than the
While both approximations fail to correctly describe the low €Stimated value of the ZPE, implying that the ground state
energy rotation of the cluster, the SP-VGW does not cor/nust be delocalized over a region including at least these
rectly describe the translational motion. These are the obvitWo classical minima.
ous sources of the systematic errors in the energy estimates For the simulation temperatur@.78 K) utilized in the
using the Gaussian approximations. We found empiricalyPIMC calculations, the state energies are systematically
that, for the FC-VGW, the main contribution to the error in overestimated by about OkiK per atom. The latter error
the mean energy estimalT) is proportional to the system estimate was obtained by investigating the temperature de-
sizeN and is nearly temperature independent. This explainpendence of the corresponding VGW energies.
the surprising agreement for the heat capacity estimate The discrepancy between the PIMC and the FC-VGW
C,(T):=9E(T)/JT computed at the level of the FC-VGW energies is about BzK, independent of the state, which sup-
theory and well-converged PIMC results for the ;Ne ports our previous observation. This is clearly seen in Table
cluster’ II, which gives the energies with respect to the ground state

3 <QO?7’|5(|rij| =1)[Qo; ™)

plr): i>] (do; 7100 )
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6
A
p(r) — PIMC A P
5F |-- SP-VGW-MC| ; P -
-— Classical / \ Ptid
4| .
[2a]
A4
Z 3 _
}
2 - -
State 1 1+ -
0 T T T T
T T T T T T T T T 0 5 10
0 1 2 3 4 5 T/K
r/o _
L] FIG. 7. Heat capacity for the NgLennard-Jones cluster computed by two

different methods. The result for a classicakd-dluster is also shown.
FIG. 6. The radial pair correlation function of the ground state computed by

the FC-VGW and the PIMC methods. (see Fig. 8 Given the extreme complexity of the system, the
agreement between the two methods is remarkable. Within

energy. That is, after the subtraction of the systematic error$tatistical errors, one may safely conclude that there are no
the agreement between the two methods is quite remarkablg&aks in the caloric curve of the quantumghéennard-

In Fig. 6, we compare the radial pair correlation functionJones cluster for the temperature regime considered. Less
for state 1 computed by FC-VGW and PIMC. The goodclear is whether or not there is a shoulder in the low-
agreement between the two results is another demonstratié@mperature portion of the heat capacity curve, shoulder that

of the reliability of the FC-VGW method. cméld be assigned to a transition between configurations 1
and 2.
Finally, in Fig. 9, we show the radial pair correlation
VI. HEAT CAPACITIES FOR THE QUANTUM NE 35 functions computed by PIMC for several temperatures, in-
LENNARD-JONES CLUSTER cluding that of state 1. As opposed to what happens for the

For the heat capacity calculations, we employed the les§/2Ssical simulatiorisee Fig. 3, the quantum results clearly
expensive SP-VGW version of the method, which proved tdndlcate that there is no abrupt change in the equilibrium

be sufficiently accurate for this purpo%As for the classical Structure of Ngg, for the entire temperature interval consid-
simulations, the same confining radius Rf=3.612r; is ered. For all temperatures considered, the quantum canonical

used here. ensemble for Ng consists mainly of configurations that
The results for the entire temperature randeK <T Nei_rotti and co-worker¥ have identified as pertaining to the

<11.5 K) were obtained within a single MC calculation us- liquid phase.

ing Tyc=11.5 K. The standard Metropolis algorithm was v||. SUMMARY AND CONCLUSIONS

implemented using 25% acceptance rate. Every new Gauss- We have investigated several thermodynamic and struc-

ian was sampled by randomly shifting one of the atoms | . fth | g M
Then this Gaussian, with the initial conditions defined by Eq.tura properties of the quantum Bigeluster using two Monte

(11) at the initial inverse temperaturg=10“kgK)™, was

propagated up ta=1/2kgT\,c, Where its acceptance prob- 4 P
ability was evaluated and realized according to the Metropo- i I PIMC :

lis procedure. Once a Gaussian wave packet is accepted, it i — SP-VGW-MC

further propagated up te=0.5kgK)™?, in order to cover the 3F 7]

remaining temperature range of interest. The total number o
accepted Gaussian wave packets wasl®’. The calcula- z
tions were performed on a 12-processor 1.4 GHz Opterord” ’r
cluster. The cpu time on a single processor was about 0.5 :
per accepted Gaussian wave packet.

The results for both the SP-VGW and PIMC simulations
are shown in Figs. 7 and 8. The results for the latter tech-
nique are for the intervall.78 K, 12.46 K. At 1 K, the 0
PIMC technique would have required 512 path variables anc 0 5 10
more parallel tempering replicas, which we found rather ex- T /K
PEnsIve. .The statistical er.rors for the SP-VGW heat.capaCIt¥IG. 8. Error bars for the results shown in Fig. 7. The two solid curves
were estimated by breaking the whole calculation into tWocorrespond to two independent VGW-MC calculations each using 1.5
independent pieces consisting of X80’ MC steps each x 10’ MC steps.
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p(r) The variational-Gaussian wave packet technique has
demonstrated again its reliability, providing results consistent
with those obtained by path integral simulations. Still, fur-
ther work is necessary in order to improve the convergence
of the underlying Monte Carlo simulation. Thus, the method
must be adapted for use with parallel-tempering simulation
techniques. Such an improvement would avoid having to rely
on the configurations generated by a single-temperature
Monte Carlo walk.

It is worth mentioning that the two quantum simulation
techniques can be used together as complementary tools,
each having its particular strengths. The path integral tech-
T ; T - T - T nigue has the advantage of being essentially exact, provided

State 1
T=2K
T=4K

0 ! 2 e 4 3 enough computational resources are available. In the form it

n has been implemented in the present application, it can be

FIG. 9. The radial pair correlation functions computed by the PIMC atapp“ed t(? the most gener_al, many-b_Ody pOteml_als’ for which
various temperatures. The result for the ground state is also shown. the requirement of having analytic expressions for the

Gaussian integrals may not be practical. The VGW technique

Carlo techniques: the variational-Gaussian wave packdf 9enerally faster and provides results that are more ame-
method and the path integral method. As demonstrated bgable to interpretation. It has also the advantage that it can be
the results presented in the preceding sections, the effectiy@0re €asily adapted for the study of quantum-dynamical
topology of the potential energy surface is strongly affected®’OPerties, if imaginary-time propagation of wave packets is
by the quantum effects. For example, the highly-symmetriéouowed by.rea}l-tlme propagatlon.' As illustrated in the
octahedral and icosahedral configurations that dominate tH¥€Sent application, the VGW technique can be used to fur-
low-temperature classical canonical ensemble have neglf’€r auench high-temperature path integral configurations to
gible contribution to the quantum canonical ensemble. Thdemperatures so low that a direct path integral simulation is

Neys cluster is found to be essentially liquified for all tem- NOt feasible.
peratures investigated.
The configurations of lowest quantum energy are deloACKNOWLEDGMENTS
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