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A recently introduced numerical expression for spectral es-

timation, called the Regularized Resolvent Transform (RRT)
(J. Magn. Reson. 147, 129, (2000)), is shown to be very
useful in a number of applications in quantum dynamics cal-
culations. RRT has emerged from the Filter Diagonalization
method (FDM), although it is based on different linear alge-
braic algorithm and, therefore, has different numerical prop-
erties, such as stability, robustness, speed, etc. Given a time
signal ¢(t) , RRT provides a direct estimate of its infinite
time Fourier spectrum I(s). Replacement of the argument s
in the RRT expression by —¢FE leads to a very useful formula
to estimate the inverse Laplace transform of ¢(t). Two appli-
cations of RRT are discussed in detail: the calculation of all
S-matrix elements using a single wavepacket propagation and
the problem of estimating the microcanonical quantities, such
as the density of states, from the canonical cross-correlation
functions.
Important notations. A linear operator is identified
by a cap: U. The round brackets are used for the sym-
metric (not Hermitian) inner product: (¥|®) = (®|T).
Bold characters, as U or C are used for matrix repre-
sentations of linear operators or vectors. Their elements
are then defined using the following notations: [Uly,, or
[C],. UT is a transpose of matrix U, while U, is its
adjoint (transposed and complex conjugated) matrix.

I. INTRODUCTION

In this paper we are concerned with signal processing
problems arising in quantum dynamics calculations. A
commonly implemented scheme consists of the two gen-
eral steps: (i) the signal generation, where the “signal”
is not necessarily the ultimate quantity of interest, and
(ii) the signal processing when the physically interesting
information is extracted from the signal by, for example,
solving an inverse problem. In particular, we will consider
two inverse problems, the spectral estimation from trun-
cated cross-correlated time signals and estimation of the
inverse Laplace transform. Such problems may arise in
the context of time-dependent and/or path-integral ap-
proaches. An intelligent signal processing not only pro-
vides a higher accuracy for the quantities of interest, but,
sometimes allows one to access the information which is
hardly available otherwise.

One example is the calculation of resonance parameters
of molecules in the regime of high both the number and
the density of states by harmonic inversion of damped
Chebyshev correlation functions [1,2]. Although, for iso-
lated resonances, related information can be obtained by

Fourier transformation of the same Chebyshev signal, to
achieve a similar spectral resolution one would need to
use a substantially longer Chebyshev propagation.

Other examples include accurate calculation of very
broad poles of the Green’s function by harmonic inver-
sion of time cross-correlation functions [3], or tunneling
splittings calculations from semiclassical real-time cross-
correlation functions [4], or semiclassical quantization us-
ing the Gutzwiller cross-correlated periodic orbit sums
[5]. Apparently, in the conventional Fourier spectral anal-
ysis of time signals this dynamical information about the
underlying system is hardly available.

In ref. [6] we pointed out that the commonly used strat-
egy to compute the scattering matrix using the time-
dependent approach, where each column of the S-matrix
is computed by propagating a wavepacket with specific
initial characteristics [7-10] is not necessarily the op-
timal. In such calculations a lot of information con-
tained in the computed time cross-correlation functions
is wasted. A much more economical approach could use
propagation of a single initial wavepacket: any S-matrix
element (or a general transition matrix element) could be
computed by processing cross-correlation functions of the
propagated state with the appropriate initial and final
states. It was also pointed out that this approach would
be most suitable for the case of resonance-dominated
scattering, while it could be unstable otherwise. We will
revisit this problem in the present paper.

We will also consider the problem of estimating
the density of states p(E) from the imaginary-time-
correlation function ¢(8) [11]. The latter can be com-
puted using the path-integral techniques. The two quan-
tities are related via the Laplace transform,

«p)= [ aBrerrap, 1)

however, p(E) cannot be computed directly from c(3)
as the signal ¢() is not available for the complex-valued
argument (3. Estimation of the inverse Laplace transform
is a perfect example of a very ill-defined inverse problem.

The spectral estimation technique to be used and
extended here is the Regularized Resolvent Transform
(RRT) [12]. It has recently emerged as a variant of the
Filter Diagonalization Method (FDM) [13,1] (see also the
review [14] and references therein). FDM solves the Har-
monic Inversion Problem, namely, it fits a finite discrete-
time signal ¢(n7), n=0,1,..., N — 1, by the form



K
nr) = dee_mm‘“ (2)
k=1

with the unknown complex frequencies wy and ampli-
tudes dj by diagonalizing an effective evolution operator
U = e, The RRT is designed to directly estimate
the infinite-time discrete Fourier transform, defined as
o
I(s) = ) e(n7)e™™* (1= 6n0/2) 3)
n=0
by directly evaluating a resolvent matrix element of the
same evolution operator U. The term (1 —d,0/2) in
Eq. 3 multiplies ¢(0) by 1/2 to correct the error intro-
duced by the discrete sum approximation of the contin-
uous half-line Fourier integral.

Interestingly, I(s) can be analytically continued by
simply replacing the real frequency argument s by —iFE
in the RRT formula (see below) without creating any
instability, thus, leading to a very useful expression to
estimate the inverse Laplace transform of ¢(nr).

Even though FDM and RRT are very much related, the
linear algebraic algorithms involved in the two methods
are quite different as well as their numerical properties,
such as stability, speed, etc. I(s) can, in principle, be
estimated by FDM using the set of dj and wy. How-
ever, numerical fit by the form of Eq. 2 may, sometimes,
encounter difficulties, for instance, in the case of noisy
signal and/or presence of non-localized spectral features
(background spectrum) resulting in an unreliable spectral
estimate [15]. In RRT I(s) is evaluated directly avoiding
the calculation of dj and wy and the said instability does
not occur.

The rest of the paper is organized as follows. In
Sec. IT we derive the RRT expression. In Sec. III RRT is
adapted for processing the Chebyshev cross-correlation
functions to compute all S-matrix elements from a single
wavepacket propagation. In Sec. IV we analytically con-
tinue the RRT expression for the problem of estimating
the inverse Laplace transform. In Sec. V this method is
extended further by considering an imaginary-time cross-
correlation matrix. Sec. VI concludes.

II. DERIVATION OF THE RESOLVENT
FORMULAE.

In order to derive the linear algebraic expression for
spectral estimation we use the quantum ansatz of Wall
and Neuhauser [13] in which ¢(n7) is associated with a
time autocorrelation function of a fictitious quantum sys-
tem for some fictitious initial state ®,

c(nr) = (B|U"|®) (4)

where the round brackets define the complex symmet-
ric (not Hermitian) inner product. The effective evo-
lution operator U may be non-unitary but is assumed

to be symmetric with respect to the inner product, i.e.,
Uw|®) = (T|UD) = (T|U|®).

_ (Note that the assumption that the evolution operator
U has a finite rank K is equivalent to the assumption of
Eq. 2, which could be used for rigorous proofs.) Substi-
tuting Eq. 4 into Eq. 3 and evaluating the geometric sum
analytically we obtain

o) = @ {
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Eq. 5 cannot be used directly for calculating I(s) as
we still need to obtain a matrix representation of the
auxiliary objects U and ® in terms of the known data
¢(nT). To do so, as in ref. [1], we introduce an auxiliary
(Krylov) basis,

d(n)=U"®, n=0,1,.., M—1. (6)

According to our assumption, the rank of Uis K , SO
that the M < K Krylov vectors ®(n) are generally lin-
early independent and we can rewrite Eq. 5 by evaluating
everything in this basis:

I(s) = CT"R(s)71C — ¢(0)/2 (7)

with R(s) = Ug — ei"*U; , where the evolution op-
erator and the overlap matrix elements are defined as,
respectively, [Uilpns = (2(n)|US(n')) [Uolpn =
(®(n)|®(n')) , and the coefficients of the 1 x M column
vector C are [C], = (®(n)|®). It is not hard to see [1]
that Uy, Uy and C are all representable in terms of the
signal data points ¢(n7) as

[Uplnw = c[(n+n' +p)7],
[C]n = c(nT) .

p=0,1 (8)

Rather surprisingly, Eq. 7 is a working expression. In
the case Eq. 2 is exactly satisfied and if we choose M =
K, it yields the exact infinite time Fourier spectrum,

K
dy, c(0)
I(S)=Zm—7a 9)
k=1

even though only a finite part of the signal c(nt) of size
N = 2M is used and the spectral parameters wy and dy,
are not computed. The result is also exact if M > K,
although in this case the set of vectors ®(n) is linearly
dependent requiring evaluation of a pseudo-inverse of the
singular M x M matrix R(s). For example, the Singu-
lar Value Decomposition (SVD) of R(s) could be used.
Typically the matrices are not exactly singular due to
noise, although they could still be very ill-conditioned,
implying that some kind of regularization will often be
advantageous. We will revisit this issue later in the pa-

per.
Unfortunately, Eq. 7 is numerically very expensive for
long (e.g., N > 1000) signals, however, just like in FDM



[13,1] this problem can be ameliorated by performing the
spectral analysis locally in the frequency domain using a
Fourier transformation of the Krylov basis {®(n)},

Z inTy; (I)

j=12,.., Kyin , (10)

where here and throughout the rest of the paper the tilde
identifies the use of the Fourier basis. The values ¢; could
be evenly spaced using

2
. 11
NMT (11)

For X = 1 and Kyjn = M the transformation from the
Krylov basis {®(n)}, to the Fourier basis {®;} is unitary.
However, as argued first in ref. [13] and later in [1], it is
advantageous to use a local basis of small size K, < M
with 8 > 1 (e.g. X = 1.1). It could be even more efficient
to use multiscale basis [15] corresponding to a nonuniform
distribution of ¢;’s with j-dependent Fourier length M =
M; in Eq. 10, which describes a very narrow frequency
window in high resolution and the rest of the spectrum,
in low resolution, while having minimal overall size.

One can now use the new Fourier basis (10) to reevalu-
ate the matrices in Eq. 8, which after some manipulations
[1] leads for j # j' to

Ayp =

il M (05— 0;)+]

U =3 12
[ p]jj' ] 1 — il —95) (12)

(o+1)(M—1)

<2

n=ocM

e"Teic(n +p)7l
where S defines symmetrization operator over the vari-

ables ¢; and @y,

S g(ej,0i) = 9(0j, 050) + 9(0s05) - (13)

For j = j' we have

2M—2
[ﬁ,,]jj = 2% €93 (M — |M —n — 1|)c[(n + p)] -
(14)
Now by evaluating C in the Fourier basis,
[CL (®]®;) Z e ic(nT) (15)
we can rewrite Eq. 7 as
I(s) = C"R(s) 1€ = ¢(0)/2, (16)
with
R(s) = Uy — €U, . (17)

Due to the very nature of the Fourier transformation
the spectral properties around some frequency s are com-
pletely defined by a very small subspace {®;} of size Kyin
(e.g., Kwin = 10) with ¢; ~ s. Therefore, only a small
Kyin X Kyin matrix R(s) has to be inverted in Eq. 16 to
yield a well converged spectrum I(s). Eq. 16 can also be
evaluated directly, for example, by solving the associated
linear system,

R(s)X(s) = C, (18)
and then using

I(s) = € X(s) — c(0)/2 . (19)
A non-obvious issue is the stability and robustness of
the algorithm. The matrix R may be very ill-conditioned.

. . . = —1 .
In this case, even if the exact inverse R~ exists, the ex-

act solution of Eq. 18 in the form of X = R 'Cis likely
to be meaningless. One explanation is that a general
tiny perturbation of either C or R results in a huge vari-
ation of X. A regularization is supposed to produce a
meaningful solution which, on one hand, satisfies Eq. 18
only approximately within certain o priory established
bounds, but, on the other hand, is stable with respect
to small perturbations of either C or R. One possibility
is to use SVD of R(s) to calculate a pseudo-inverse by
either discarding the singular subspace or modifying the
small singular values. However, SVD, if applied at each
value of s, would be computationally quite expensive.
A much less expensive regularization of the resolvent
can be obtained using the Tikhonov regularization [17]
obtained by modyfying the original least squares prob-
lem ||RX — C||?> — min, corresponding to Eq. 18, by
IRX — C|I” + ¢’[IX|]> — min:

I(s) ~ &' (R(s)fﬁ(s) + q2) TR = (0)/2, (20)

where dagger means Hermitian conjugate, and ¢ is a
real regularization parameter. With such a regulariza-
tion the singularity in the denominator is removed as

(f{ff{ + q2) is a Hermitian and positive definite matrix.

(For a much more elaborate discussion on regularization
of ill-conditioned linear systems see the tutorial by Neu-
maier [16].)

Eq. 20 can be evaluated by solving the regularized Her-
mitian least squares problem,

(R*(s)ﬁ(s) + qz) X(s)=R'C, (21)
and then using Eq. 19.

Operationally, the spectral estimation using Eq. 20 (or
19,21) has a status of “transform” (like FFT), while a
“method”, e.g. the Filter Diagonalization Method, would
refer to a procedure that would generally be less obvious



to use. More precisely, Eq. 20 corresponds to a direct
nonlinear transformation, here called the Regularized Re-
solvent Transform, of the time signal to the frequency do-
main. Unlike most other nonlinear high resolution spec-
tral estimators, RRT is very stable, computationally in-
expensive, and has adjusting parameters that are very
straightforward to use. These parameters are K, and
N defining the size and spacing of the Fourier basis in
the frequency domain, and the regularization parameter
q. Note that Ky, could, in principle, be as small as 3,
although a larger Ky, generally improves the resolution,
while increasing the cpu-time according to the cubic scal-
ing of a linear solver. For sufficiently large Kyi,, which
is usually less than 100, the results do not change notice-
ably. Thus, Ky, can be chosen according to how long
one is willing to wait for the spectrum to be computed.
The choice for the basis density parameter, X, between
1.1 and 1.2 usually works well if a single-scale basis (as
opposed to a multi-scale basis [15]) is used. Unfortu-
nately, there is no obvious way to estimate a priori an
optimal value for the regularization parameter ¢, as it
depends on the type of the data, level of noise, etc. Gen-
erally, there is a wide range (e.g., an order of magnitude)
of acceptable parameters as the results are not very sen-
sitive to ¢. An increase of ¢ leads to a more smooth and
uniform spectrum, while decreasing the resolution. Note
also that this smoothing is non-linear and has nothing to
do with increasing the widths of all the peaks by shifting
the poles in the complex plane by I'.

More detail about RRT for spectral estimation with
some numerical examples can be found in refs. [12,14].
In the next sections we extend RRT to some applications
in the area of quantum dynamics calculations.

III. ALL S-MATRIX ELEMENTS FROM A
SINGLE WAVEPACKET PROPAGATION.

As shown in ref. [8], in the time-dependent framework,
and later in [9], using the time-independent Green’s func-
tion formulation, the @ — o' scattering amplitude can be
expressed using a matrix element, of the Green’s function,

(£ |GH(E)|€a)
(Ealf ) Ear|f2)

where GH(E) = (H — E —i0)~! and &, and &y are
wavepackets localized in the asymptotic region corre-
sponding to the asymptotic channels with quantum num-
bers @ and o/. As was pointed out in ref. [9] £, and &, do
not have to be purely incoming or outgoing. Moreover,
even the choice of real and very narrow wavepackets suf-
fices. The only condition is that the pre-factor defined by
the overlap integrals between £,, £, and the incoming
asymptotic solutions f ,fz  is non-zero.

Sa’a =1 , 7£ al ’ (22)

The numerically challenging part in Eq. 22 is the
Green’s function matrix element. It can be evaluated us-
ing a time-dependent formulation [8] in which, e.g., the
initial state £, is propagated in time, the time correla-
tion function (€y|€x(t)) is computed and then Fourier
transformed to yield the o — o' transition matrix ele-
ment. Similar strategies are implemented in other time-
dependent approaches [7], the obvious drawback being
the need to propagate as many wavepackets as there are
open channels in order to evaluate the full S-matrix or to
compute the cumulative reaction probability.

Our choice to evaluate Eq. 22 corresponds to the use of
the global in energy Chebyshev [18] or better the damped
Chebyshev recursion expansion [19] of the Green’s func-
tion,

o

Y (wlTIEa)e™ (1= 6u0/2)

n=0

(|G (B)IEa) =

sin(s)
(23)

where cos(s) = E and the damped Chebyshev polynomi-
als [19] satisfy the following recursion relations,

T = e (20T — T, (24)
with initial conditions 7y = 1 and 77 = e~ VH. Here
for simplicity we assumed that the Hamiltonian opera-
tor H is already rescaled so that its spectrum belongs
to the interval [~1;1]. The damping operator e~7 pro-
vides a correct analytic continuation of the Chebyshev
propagator Tr,.

At first glance Eq. 23 requires propagation of either
of the two states £y or &, which would conceptually
be similar to the time-dependent strategies. However, as
demonstrated in ref. [6] one can evaluate (£, |Gt (E)|¢4)
using the three cross-correlation functions

ClO(n) = (§l|£0(n)) ’ l= 07a7al ’ (25)

that do not require propagation of either &,/ or &4, but
propagation of some auxiliary state,

o(n) =T& . (26)

A good choice for &y could be essentially any vector with
random coefficients so it would overlap with all system
eigenstates. The same & can then be used for any other
transition amplitude.

In ref. [6] (£4|GT(E)|¢,) was computed by harmonic
inversion of the three cross-correlation functions and then
by combining the results to express the Green’s function
matrix element in terms of its poles and residues. How-
ever, this approach is difficult to apply in case when the
broad poles (direct scattering) have significant contribu-
tion to the dynamics. Here we show how RRT can be



implemented avoiding the solution of the harmonic in-
version problems and, thus, making the approach much
more robust and stable.
The assumption of Eq. 4 is rewritten as
cr(n) = (U @), (27)
where the rank of the effective evolution operator U is
doubled compared to K, the dimensionality of the actual
Hamiltonian operator H. This is because each complex
pole Ej, of the Green’s function G+ (E) gives rise to the
two complex eigenvalues of U, namely, e+ and et
satisfying coswy, = Ej (see refs. [1,6] for more detail).
So one should not confuse U™ with T,, and &(n) with
®;(n) as they are associated with two different spaces.
By analogy with Eq. 5 we can write

(| GHE)lEn) = 2 <<1>al|{# 1}|<1>a).

sin(s) 1—eis 2
(28)
Now evaluating everything in the Fourier basis,
M—1
q)j = z ezmpj(I)O(n) ) .7= 1727"'7Kwin ) (29)
n=0

we arrive at the following regularized resolvent formula,

21 T

€ IG (Bla) = g5 [Cor (ROTRE) +47)

x R(s)1Cq = cara(0) /2] ,

(30)

where R(s) is defined as before using Eq. 17 and cgo(n);
the elements of the column vectors C, and C,s are

M-1
(€] =@I&) = emiann), (31)
J n=0
and Ca’a(o) = (éa’ |£a)-

Eq. 30 is another important new result of this paper.
It implies that any S, could be recovered although nei-
ther of the channel states &, or &, had to be propagated.
Note that an obvious but important consequence is that
the microcanonical reaction rate, which is proportional
to the cumulative reaction probability, can also be com-
puted at all energies from a single wavepacket propaga-
tion, no matter how many scattering channels or tran-
sition states are involved in the reaction process. Thus,
for a multichannel problem the present approach com-
pared to those based on the conventional strategies can
increase the total numerical efficiency by a factor equal
to the number of channels.

Note, in addition, that once the initial wavepacket &y
is real, its propagation involves only real arithmetics no
matter whether the final wavepackets &, are real or com-
plex.

IV. ESTIMATION OF THE INVERSE LAPLACE
TRANSFORM.

As noted in a number of publications [11], sometimes it
is easier to compute the Laplace transform of an observ-
able rather than the observable itself. One important
example corresponds to the imaginary-time correlation
function of the type

() =TrePH | (32)

which can be computed by path-integral Monte Carlo
techniques. If, however, the density of states,

. 1

p(E)=Tré(E-H) = 7rIm [Tr ﬁ—E+i0] , (33)
is the quantity of interest, one could, in principle, ob-
tain it due to the Laplace transform relationship (1).
This circumstance stimulated researchers to try to de-
velop numerical algorithms for the inverse Laplace trans-
form. The problem is usually complicated by the fact
that the function to be inverted is very short and noisy,
so the inversion problem is very ill-defined and any al-
gorithm may easily become unstable. In what follows
we adapt RRT to evaluate the inverse Laplace transform
for a given discrete data set ¢(n7), n = 0,1,..., N — 1.
To do this we assume that ¢(3) satisfies Eq. 4, but in the
present case we mean U = e~ (rather than e~ 7?) with
a non-Hermitian, but symmetric effective Hamiltonian
operator () with complex poles wy, satisfying Rewy > 0
and Im wy < 0. Note, that there is no contradiction with
the fact that H in Eq. 32 is Hermitian as the effective
Hamiltonian ) does not have to coincide with H. We
can now define a spectral function using

1

E) = (2| P) . 34
F(E) = (®lg——I®) (34)
The density of states can be obtained from f(E) using
1
p(E) = _Imf(E). (35)

Thus, the problem is to estimate f(FE). We can further
assume that 7(€) — E) is small, which is reasonable, and
use e"PU ~ 1+ 7(E — Q) to obtain the following approx-
imation,

T T

1—e B 2 (36)

1)~ (3 | 1),
where the 7/2 has the same origin as in Eq. 5. Finally, the
RRT expression (20) can be used directly with s replaced
by —iFE,

f(E) = TI(—iE) (37)

with the data matrix R(—iE) = Uy — e™¥Uj.



Note that in the present case the data size is usually
small and the need to use a Fourier basis is questionable,
although if one chooses the basis with ¢; values in the
vicinity of zero, there is a chance to reduce both the effect
of noise and the size of the matrices to be inverted.

Eq. 37 with Eq. 20 constitute an important new re-
sult which has at least three advantages: (i) it pro-
vides an accurate inverse Laplace transform in the case
of a noiseless signal that can be represented by the form
c(nt) =Y, dre~"7¢*; (ii) it is computationally inexpen-
sive as it does not involve the solution of any non-linear
optimization problem; (iii) it has no intrinsic (exponen-
tial) instability problem often encountered in other ap-
proaches, based on an analytic continuation.

However, Eq. 37 has a limited applicability as only lim-
ited amount of information can be extracted from ¢(8)
which is both noisy and severely truncated. Therefore, in
the spirit of refs. [13] (Appendix E) and [3-6], it should
benefit from the use of a cross-correlation matrix, rather
than a single signal as in Eq. 32. This possibility is ex-
plored in the next section.

V. INVERSE LAPLACE TRANSFORM BY
INVERTING A CROSS-CORRELATION
MATRIX.

The idea of using a cross correlation matrix is to in-
crease the information content of the signal for the same
time length [6]. To be able to benefit from this using
RRT one needs the data to be effectively representable
in the form of an L x L time-cross-correlation matrix (27)
with a set of fictitious states {®;}, [ =1,..., L. This can
be achieved by following ref. [5], i.e., consider a cross-
correlation matrix,

cw(B) =T [Ae P Au] (38)

constructed using a set of linear independent operators
{A}, 0 =1,..,L — 1 that commute with H and with
Ag = I, the identity operator. An example of such a
set is the set of moments of FI, ie. A = ﬂ'm, l =
0,...,L — 1. If we now assume that T, are the eigenfunc-
tions of all these operators and define U = e and
& = (YrA X)Xy, it is not very hard to see, that
Eq. 38 can indeed be rewritten as

e (n1) = (|U™y) (39)

Another possibility is to implement projection oper-
ators A; [20] that project an initial state ®, to states
P, = /iltI)O dominated by certain excited states. In
ref. [20] the authors considered a single autocorrelation
function, while here we want to use the whole L x L
cross-correlation matrix

cy (,B) = (@0|Al€7ﬁﬂ1‘il/|@0) . (40)

Unlike ref. [20], there is no strong restriction on the
choice of A; here. This makes the approach more flexi-
ble. Clearly, ¢;r(8) in Eq. 40, as well as in Eq. 38, has
the form of Eq. 39.

In order to extract the spectral information from
cur (B) satisfying Eq. 39 consider the super-basis ®;(n) =
Und;,n=0,..,M—1, 1 =0,....,L — 1, with total size
M x L. We can evaluate ®¢, the overlap matrix and the
operator U in this basis by analogy with Eq. 8,

[Uplinrn = (21(n)|U?|®1(n)) = cwl(n+n' +p)7]
[Clin = (B0|®i(n)) = cio(n7) - (41)

The . desired
spectral function f(E) = Tr [(H —-E— iO)_l] can be
estimated using Eq. 37 with the only difference that the
size of the basis is here increased by a factor of L for the
same signal length N = 2M. This implies that ideally an
L x L cross-correlation-matrix contains by a factor of L
more information than a single time-correlation function.
This circumstance is certainly very useful, especially in
the context of the imaginary-time path-integral formal-
ism as the signals of such type decay exponentially with
B and, therefore, have very strict limitations on their
length. Clearly, implementation of a Fourier basis here is
completely analogous to the cases considered previously
(e.g., in ref. [6]) and in Sec. II.

VI. SUMMARY.

The new linear algebraic formalism based on RRT of-
fers a number of numerically efficient and computation-
ally inexpensive ways to process the data and extract the
underlying spectral information, subject to the condition
that the data satisfies the form of a time-correlation or
time-cross-correlation function.

The applications considered in this paper present a
great numerical challenge and are hardly manageable by
the conventional signal processing techniques.

There is a broad class of problems, particularly, in
the area of quantum dynamics calculations, in which our
methodology can be potentially very useful. Those will
be considered in our forthcoming publications.
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