
Brownian Dynamics Simulation of the Growth of Metal Nanocrystal Ensembles on
Electrode Surfaces from Solution. I. Instantaneous Nucleation and Diffusion-Controlled
Growth

J. L. Fransaer† and R. M. Penner*,‡

Department MTM, KULeuVen, de Croylaan 2, 3001 HeVerlee, Belgium, and Institute for Surface and Interface
Science and Department of Chemistry, UniVersity of California, IrVine, IrVine, California 92679-2025

ReceiVed: February 22, 1999; In Final Form: June 25, 1999

The diffusion-controlled growth of ensembles of metal nanoparticles on a planar surface from solution is
modeled using Brownian Dynamics (BD) simulation method. Both random and hexagonal 2D ensembles
were considered with coverages ranging from 5× 109 to 2× 1011 cm-2. Attention is focused on the evolution
of particle size dispersion as a function of the experimental variables. Three temporal regimes in the growth
of these nanoparticle ensembles are distinguished from the simulation data: At short times (t < 20 ns), the
standard deviation of the particle radius,σR, rapidly increases to 0.05-0.1 nm. At intermediate times in the
interval from 20 to 200 ns,σR peaks and begins to declinesnearly to zero in some simulations. This
“convergent” growth segment continues until overlap of the diffusion layers of adjacent nanoparticles on the
surface is nearly complete. We derive an analytical expression forσR in this time regime which is based on
the stochastic nature of the deposition process, and excellent agreement with the simulation data is obtained.
Finally, at yet longer times (at which diffusion to the surface is planar), the behavior of random and hexagonal
ensembles diverge: Random ensembles again transition into a divergent growth regime in whichσR increases
monotonically with time; the size dispersion of hexagonal arrays, however, continues to decrease with deposition
time. In this time regime, the data support the conclusion that size dispersion is caused by an inhomogeneous
distribution of interparticle distances which translates into an inhomogeneity in the diffusion-limited flux at
each particle.

I. Introduction

Physical vapor deposition techniques (PVD) have been used
to prepare supported particles for fundamental investigations
of their properties in catalysis, in surface-enhanced Raman
spectroscopy (SERS), etc.1,2 However, PVD is limited in terms
of the number of different metals which may be deposited as
nanoparticles, and it has proven to be difficult to obtain
nanoparticles smaller than 20 Å in diameter using this method.
A desire to overcome these two deficiencies provides the
motivation to develop an electrochemical route to size mono-
disperse metal nanoparticles. Electrochemistry provides a means
by which many metals and alloys can be deposited onto a
conductive surface from an electrolyte. In this sense, electro-
chemistry is extremely versatile. On the other hand, it has not
been possible to exert control over the dimensional uniformity3

of electrodeposited metal structures. In particular, meso-scale4

metal particles have been obtained by electrochemical deposi-
tion; however, the relative standard deviation of the particle
diameter (RSDdia. ) 〈dia.〉/σdia.) has been 20-50%5-7 in the best
cases reported to date. In the next paragraph we shall summarize
the current understanding of particle growth on surfaces as it
applies to the growth of particles by PVD. We will conclude
that our inability to obtain size monodisperse metal particles
by electrochemical deposition is surprising. Thus, it is useful
to ask the question, What makes PVD particle growth different

from electrochemical particle growth? or more generally, What
factors are responsible for the development of size dispersion
in ensembles of metal particles grown by electrodeposition? We
attempt to answer these questions in this paper.

The issue of particle size dispersion in the growth of particles
on surfaces using PVD was addressed by Ngo and Williams.8

These workers concluded that temporally discrete nucleation9

leads to very narrow particle size distributions for any growth
duration, and irrespective of the rate law which applies (e.g.,
particle radius,rn ∝ t wheren ) 2, 3, and 4),8 provided every
particle on the surface grows in accordance with thesamerate
law. Temporally discrete nucleation is also a requirement for
growing size monodisperse colloidal particles in solution.10-12

At the end of the nucleation phase, the RSDdia. is predicted to
decrease as a function of time for virtually any rate law.8 The
size monodispersity for nanoparticles growing on a surface will
be improved by manipulating the growth conditions as follows:8

(1) The flux of monomer to the surface during growth should
be high (to rapidly saturate defect sites in order that nucleation
ends as quickly as possible); (2) the sample temperature should
be low (since the growth rate for particles will depend on the
diffusion coefficient for surface-adsorbed monomer, which will
be inversely related to the surface temperature. By decreasing
the particle growth rate, it is hoped that islands will be prevented
from interacting with one another via the depletion of surface
monomer); and (3) the nucleation density of the surface should
be as low as possible (again, so that the growth of neighboring
particles is decoupled). Although Ngo and Williams8 were
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considering the growth of particles from a gas phase flux of
monomers, these principles should also apply to electrochemical
growth.

Temporally discrete nucleation has also been observed for
the electrochemical deposition of silver6 and platinum5 nano-
particles on graphite. Nanoparticles of these two metals (108 -
1010 nanoparticles cm-2) were obtained using a potentiostatic
pulse having a duration of 5-100 ms and a large deposition
overpotential,|Eappl - Eo′

M+/Mo|, of 300-500 mV. Measure-
ments of the particle nucleation density and diameter for
depositions of different durations provided strong evidence for
instantaneous nucleation13 in these experiments. However, on
the graphite surfaces on which these syntheses are conducted,
the expected degree of size monodispersity wasnot obtained.
Specifically, “small” metal nanocrystals (dia.< 6 nm) possessed
moderately good size monodispersity (e.g., for platinum,5

RSDdia. e 35%), however, both the standard deviation and the
relative standard deviationincreasedas a function of the
deposition time. In other words, nucleationis temporally
discrete, but particle radii do not converge as a function of
growth duration. In the context of the work of Ngo and
Williams,8 this result is difficult to rationalize. The origin of
this paradox, as we shall see, is strong diffusional coupling
between neighboring metal particles growing at diffusion control
in a solution.

The Brownian dynamics (BD) simulation method can be
employed to elucidate the factors that are responsible for size
dispersion in the case where particles nucleate instantaneously,
grow at a diffusion-controlled rate from solution phase precur-
sors, and are confined during growth to a flat surface. In the
BD simulations which we have performed, we have explicitly
considered growth durations which are long compared with the
interaction time,ti, between nearest neighbors on the surface:

where〈x〉 is half the average distance between nearest neighbors
on the surface, andD is 1.20× 10-5 cm2 s-1 (the diffusion
coefficient for silver ions in dilute, aqueous electrolytes). The
purely diffusive motion of individual ions or molecules is
simulated using the algorithm14

wherero and r are the initial and final positions of a particle
relative to the time interval,∆t, andR is a vector of Gaussian
random numbers. Compared with simulations based on the
explicit finite difference (EFD) approach, developed for elec-
trochemical problems by Feldberg15-18 and others, BD has been
used much less frequently to model electrochemical processes
because it is far less computationally efficient for most problems
which interest electrochemists. However, BD has occasionally
been used to model electrochemical phenomena in experiments
involving complex electrode geometries. Examples include the
transport of ions between microband electrodes19 and the
transport of ions20 and molecules21 between a hemispherical
scanning probe microscope tip and a planar electrode surface.
A second category of problems that are conveniently approached
using BD are those which probe stochastic processes. Nagy and
Denault22 recently used BD to model the diffusion-controlled
growth of square arrays of metal nanoparticles. In that work,
the growth of a single metal particle was modeled in 3D using
periodic boundary conditions that simulated a square particle
array;22 the size dispersion of anensembleof interacting particles
was therefore not addressed. In the simulations described here,

ensembles of metal particles were grown in a much larger
simulation volume under diffusion control from single atoms
to mean diameters of up to 3 nm from a 10-3 M “solution” of
metal ions. Each metal particle in these ensembles was explicitly
modeled so that the development of size dispersion for the
ensemble could be monitored as a function of the deposition
time. The behaviors of “random” ensembles of nanoparticles
and hexagonal arrays are compared across a range of experi-
mentally relevant nucleation densities.

We shall also discuss recently developed analytical models
for the growth of ensembles of particles on surfaces. This
problem has attracted the interest of several theoreticians and
analytical equations that describe the reaction rate as a function
of the experimental parameters were developed by Fletcher and
co-workers (e.g., ref 23) (for the case where adjacent nanopar-
ticles grow independently from one another) and Scharifker and
co-workers (e.g., ref 24) (for the strong interaction case that is
of interest here). We compare the BD simulation results with
the predictions of Scharifker and co-workers below.

II. The BD Simulation Method

Our 3D BD simulations are intended to model the diffusion-
controlled growth of nanoscopic silver hemispheres on a graphite
surface following an instantaneous nucleation event. We have
neglected the possible contributions due to electromigration or
diffusiomigration of the silver ions in solution. In this paper,
we refer to these hemispheres as nanoparticles or nuclei. The
algorithm of McCammon was used except that the Gaussian
vector in eq 1 was replaced with a 32-bit number uniform in
the interval from-1 to 1. A time step,∆t, of 80 ps was chosen.
In addition, to achieve the needed diffusion coefficient of 1.20
× 10-5 cm2 sec-1, a multiplicative scaling factor was employed.
This modification permitted the use of a fast random number
generator, RCARRY,25 having a very long period of ap-
proximately 21407. The dimensions of the cylindrical simulation
volume of 0.145 pL are shown in Scheme 1. The surfaces of
this cylinder were impermeable, and the simulation volume was
filled with approximately 87 320 particles (silver ions) to give

ti ) 〈x〉2/2D (1)

r ) ro + (2D∆t)1/2R (2)

SCHEME 1
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a concentration of 1× 10-3 M. Initially, the silver ions, which
were modeled as points, were uniformly distributed within the
simulation volume. Computational speed was increased by
allowing silver ions initially (i.e., att ) 0) located at a distance,
z, from the electrode surface to remain motionless untiltc )
z2/2.5D. Each simulation of 0.5 ms required approximately 10
days on a DEC Alpha 21064 workstation.

A number of metal nuclei were arranged either randomly or
in a hexagonal array (see below) on the electrode surface at the
beginning of each simulation. These nuclei consisted initially
of a single silver atom which was modeled as a hemisphere of
radius) 0.2 nm. These nuclei were stationary throughout the
simulation. During the simulation, the collision of a diffusing
silver ion with any of the nuclei on the electrode surface resulted
in all of the following: (1) The removal of that ion from the
simulation; (2) the incremental growth of the hemispherical
nucleus involved in the collision by a volume equal to that of
a single silver atom; and (3) the addition of an electron to the
tally for that simulation time increment. The formation of metal
adatoms (e.g., by discharge of silver ions on the electrode surface
away from nuclei) was not permitted. This boundary condition
atz) 0 closely models the behavior of highly oriented pyrolytic
graphite in our experiments.

The reliability of our algorithm for modeling electrochemical
phenomena was verified by comparing simulated potential step
chronocoulometry and chronoamperometry experiments with
analytical expressions describing these current or charge
transients. These comparisons were carried out for the case
where the electrolyzed form of the redox couple was soluble,
and the electrode geometry was either planar or hemispherical.
In each of these cases (data not shown), excellent agreement of
the simulated transients with calculated transients was obtained.
The diffusion-controlled growth of single silver nuclei, located
in the center of the electrode shown in Scheme 1, was also
simulated. Figure 1 shows a current-time transient (Figure 1a),
and a plot of the radius versus time (Figure 1b). The simulation
results presented in Figure 1 reflect the average of three separate
simulations performed using different plating “solutions” (dif-
ferent initial positions for the silver ions in the solution). The
solid line shown in Figure 1 is the prediction of eq 3 that is the
analytically exact solution to the problem of time-dependent
growth of a single hemispherical nucleus:26

Here DAg+ is the diffusion coefficient (1.2× 10-5 cm2 s-1),
CAg+* is the concentration of silver ions (1.0× 10-6 moles
cm-3), MAg is the atomic weight of silver (107.87 g mole-1),
andFAg is its density (10.5 g. cm-3). Likewise, the solid line in
Figure 1b is that predicted by eq 4:26

The agreement of the mean simulation current and radius with
these equations is very good even at the shortest times.
Especially for the current-time plot of Figure 1a, this agreement
at short times is at first somewhat surprising. Equation 3 assumes
that the concentration of silver ions at the surface of the nuclei
is zero, whereas the initial surface concentration of silver ion
in the simulation is the bulk concentration (i.e., 1.0 mM).
Consequently, a surface concentration of zero must be estab-
lished at the onset of deposition in the simulation and one

expects intuitively that the simulated current should exceed the
prediction of eq 3 in this time domain. This effect is not seen
in Figure 1 because metal deposition can only occur on the
surface of the nuclei, which at the start of the simulation are
very small (r initial ) 2.0 × 10-8 cm, the “radius” of a single
silver atom).

Results and Discussion

A. Random Ensembles.Scheme 2 (left column) shows
typical nuclei positions for simulations in which the nuclei were
randomly positioned on the electrode surface. Six nucleation
densities, ranging from 5× 109 cm-2 (i.e., 5 nuclei on a 10-9

cm2 surface) to 2× 1011 cm-2 (i.e., 200 nuclei), were
investigated. Figure 2 (open circles) shows that the mean nearest
neighbor distance ranges from 80 ((20) nm to 11 ((6) nm as
a function of the nucleation density. In conjunction with the
diffusion coefficient (D ) 1.2 × 10-5 cm2 s-1), these nearest
neighbor distances translate into interaction times (defined asτ
) x2/2D, where x is half of the nearest neighbor distance),
ranging from 0.1 to 1µs. In other words, the growth of

i(t) )
πF(2DAg+CAg+*) 3/2(MAgt)

1/2

FAg
1/2

(3)

R(t) )
(2DAg+CAg+*MAgt)

1/2

FAg
1/2

(4)

Figure 1. Results of BD simulations of the growth of a single silver
particle centered on the electrode shown in Scheme 1. The mean current
(a) and radius (b) are plotted as a function of time for three simulations
which were carried out using plating solutions with different initial
positions of the silver ions. Error bars shown in (a) indicate(1σ for
the three data sets.

Growth of Metal Nanocrystal Ensembles J. Phys. Chem. B, Vol. 103, No. 36, 19997645



individual nuclei on the surface will be diffusionally coupled
to that of neighboring nuclei virtually from the onset of the
500 µs simulation. We therefore expect the growth rate for

individual nuclei to be significantly lower than that seen for a
single nucleus in Figure 1, and the mean growth rate to decrease
with increasing nucleation density.

The growth curves shown in Figure 3 reveal that these
expectations are realized. In this figure, the mean radius,〈R〉,
is plotted as a function of time for random nuclei at six
nucleation densities and for a single nucleus. As in Figure 1,
the data for each nucleation density represent the average of
three simulations. The error bars track the standard deviation
of the nanoparticle radii,(1σR, at five times. After 20µs, the
seven growth curves diverge and the growth rate decreases with
increasing nucleation density. In contrast to the situation for a
single metal nucleus (wherer ∝ t1/2), however, the dependence
of 〈R〉 on time is not described by a simple power law for any
of the surfaces supporting multiple nuclei. This fact is worth
noting because a power law has often been employed in previous

Figure 2. Calculation of the mean nearest neighbor distance, and the
interaction time (right axis) as a function of the number of nuclei on
the electrode surface. Error bars on the data points for the random
ensembles are(1σ for the dispersion of the distance and time about
the mean value.

SCHEME 2

Figure 3. (a) Plots of the mean radius,〈R〉, versus time for the growth
of random ensembles having six different nucleation densities, and for
one particle. Individual traces are labeled with the nucleation density
in units of 109 cm-2. (b) Plots of log(R) vs log(t) for the single particle
growth experiments and for the most densely nucleated surface (labeled
“200” in (a)). The linear behavior of the isolated particle is consistent
with the predictions of eq 4, whereas multiple, coupled nuclei do not
grow in accordance with a power law.
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studies to describe the growth of nanoparticles from the gas
phase. For the 200 nuclei surface, for example, Figure 3b shows
that the dependence of〈R〉 on time is approximately〈R〉 ∝ t0.4

for t < 0.04 ms, and approximately〈R〉 ∝ t0.2 for 0.1 ms< t <
0.5 ms. In the paragraphs that follow, attention is focused on
the time evolution of the current and the size dispersion of these
nanoparticles.

In Figure 4, the current density,j, and σR are plotted as a
function of time for the six random ensembles. In these plots,
the current density is defined as the total current divided by the
geometric area of the surface (i.e., 10-9 cm-2). An increasing
current density is initially observed for all six ensembles,
qualitatively as predicted for noninteracting nuclei by eq 3,
however, the current per nucleus is smaller than that predicted
by eq 3. Eventually, the hemispherical diffusion fields of
adjacent nuclei on the surface merge to form an approximately
planar diffusion field and a transition is observed from an
increasing current, to a current density that decays ast-1/2. This
functionality for the current is expected for a reaction occurring

at the planar diffusion-controlled rate.27 As seen in Figure 4,
the transition time indicated by the current peak,tpeak, becomes
smaller as the nucleation density and the proximity of the nuclei
on the surface to one another increases.

An analytical expression for the current in the case where
nucleation is spatially random and instantaneous was derived
by Scharifker and Hills in 1983:24

where j(t) is the current normalized by the geometric area of
the surface (A cm-2), N0 is the nucleation density (cm-2), and
k is a dimensionless constant given by

Figure 4. Current density (open circles) and the standard deviation of the particle radius,σR, (solid circles) as a function of time forrandom
ensemblesat six nucleation densities. These BD simulation results represent the mean of three simulations, each of which involved a different silver
plating solution, and different positions for nuclei on the surface. The standard deviation of the current andσR are indicated by the error bars ((1σ)
which are shown at five times. Data sets are labeled with the nucleation density in units of 109 cm-2.

j(t) )
zFDAg+

1/2CAg+*

π1/2t1/2
[1 - exp(-N0πkD1/2t)] (5)

k ) x8πCAg+*MAg

FAg
(6)
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For each of the data sets shown in Figure 4, the predictions
of eq 5 are plotted as a solid line. Figure 5 shows that thej(t)
calculated from eq 5 tends to be somewhat higher than the
simulation j(t) for the first 10-20 µs of the deposition
independent of the nucleation density; however, for all later
times this disparity is less than 10%. No disagreement in the
tpeak value is seen within the reproducibility of the simulation
results.

The solid circles in Figure 4 trace the evolution of the standard
deviation of the particle radius,σR, as a function of deposition
time. Error bars indicate the standard deviation ofσR that was
calculated for the three simulations comprising the data set for
each nucleation density. For all six nucleation densities, a rapid
increase in the size dispersion is seen during the first 10-20
µs of growth culminating in a standard deviation of 0.05-0.1
nm( 0.02 nm. Then a time interval was observed during which
σR decreased by 2-40%. This “convergent growth” regime
continues nearly untiltpeak, at which pointσR again increases
monotonically to 0.1-0.15 nm during the remainder of the
simulation.

The simulation data of Figure 4 predicts that the size
monodispersity of a metal nanocrystal ensemble growing under
diffusion control will degrade as a function of time provided
the total plating duration is much longer thantpeak. This is exactly
what has been seen experimentally for the growth of silver6

and platinum5 nanocrystals on graphite surfaces, and for the
growth of silver nanocrystals on Si(100).7 The nucleation
densities for metal nanoparticles on graphite and silicon are near
the bottom of the range explored here (˜10-9 cm-2), whereas

the metal ion concentration and diffusion coefficient are
essentially the same. Consequently,tpeak is 0.5-1.0 ms while
the typical plating pulse durations necessary to grow nanopar-
ticles having radii of 1-20 nm range from 10 to 200 ms.5-7

On the basis of the results of Figure 4, the metal nanoparticles
in these experiments are growing in the divergent time domain,
t > tpeak, for more than 90% of the duration of the potentiostatic
growth pulse.

In Figure 4, the nucleation density appears to have little effect
on the size monodispersity of metal nanoparticles because in
each simulation, the finalσR value at 0.5 ms is near 0.1 nm.
This conclusion is incorrect. Instead, the size monodispersity
for particles having a particular mean radius〈R〉 improves
dramatically with decreasing nucleation densitysexactly as
predicted by Ngo and Williams.8 This trend is apparent in Figure
6 whereσR andσR/〈R〉 have been plotted versus〈R〉 instead of
versus deposition time. For〈R〉 ) 2.0 nm, for example,σR )
0.06 nm for the least densely nucleated surface (5× 109 cm-2),
whereasσR ) 0.12 nm is seen for a nucleation density just an
order of magnitude higher. What is the mechanism of this size

Figure 5. Residual current, plotted as the percentage of the simulation
current, for the predictions of eq 5. The agreement of this analytical
equation for the current derived by Scharifker et al.15 with the BD results
is excellent except at the shortest times.

Figure 6. Plots ofσR (a) andσR/〈R〉 (b) as a function of〈R〉 for the
simulation data of Figure 4 (i.e., random ensembles). BothσR andσR/
〈R〉 (see inset) increase as a function of time following the overlap of
diffusion layers for adjacent nuclei on the surface.
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distribution broadening? Followingtpeak, the diffusion layer is
approximately planar across the entire electrode surface and the
flux of metal ions per unit area on the surface is spatially
uniform. Nuclei are randomly located on the surface, however,
and the nucleation density is locally variable. Densely nucleated
areas can therefore be expected to grow more slowly than
regions of the same size (and sharing the same planar flux) but
encompassing a smaller number of nanoparticles. This mech-
anism should lead to a recognizable correlation between the
mean radius of nearest neighbors on the surface and the distance
separating them: Figure 7 shows that this is indeed the case
for the four highest nucleation densities we have investigated.
In Figure 7, plots of the mean radius versus interparticle distance
have been fit with a polynomial of the formy ) axb + c and
the coefficienta is positive in all cases. A second independent
check on this explanation is provided by BD simulations of
hexagonal arrays of growing nanoparticles in which the nearest
neighbor distance for every particle on the surface is identical,
and the mechanism of size distribution broadening mentioned
above cannot operate. We discuss these simulations below.

An unexpected and somewhat surprising correlation is also
seen for thedifferencein radius between two nearest neighbors,
and the distance separating them. As shown in Figure 8, as the
distance between two neighbors decreases (and〈R〉 for these
two particles decreases), the difference in radius actually
increases! Schematically, the situation is as depicted at the
bottom of Figure 8. It is apparent that the division of flux
between two nearest neighbors is less and less equitable as the
distance between them decreases, with the larger of the two
receiving a disproportionate fraction of the total flux. It is
interesting to note that in this “strong coupling” regime, a trend
exists for large particles to grow at a faster rate than smaller
particles. This trend is exactly the opposite as that predicted by
Reiss11 for colloid particles growing in bulk solution.

B. Hexagonal Ensembles.Shown in Figure 9 are BD
simulations for the hexagonal arrays of nanoparticles shown in
Scheme 1. In each case, a hexagonal domain of nanoparticles
(black dots) is surrounded by “guard” nanoparticles (open
circles). The purpose of these guard nanoparticles is to eliminate
the edge effects at the frontier of the domain. Current density
vs time transients are plotted in Figure 9 for the hexagonal

arrays. As in Figure 4, the current density is defined as the total
current measured at all nonguard nuclei divided by the total
electrode area of 10-9 cm-2. Because guard nuclei occupy some
of the available surface area, this means that the current densities
calculated in this way are overestimated by 5-10%. The error
introduced by this assumption, however, does not affect any of
the conclusions derived from the simulation data.

The current-time transients for the hexagonal arrays of
Figure 9 are qualitatively similar to those of the random arrays
of Figure 4 in that the transients of Figure 9 are also peaked.
The origin of this current peaksa transition from locally
hemispherical diffusion about each particle to semi-infinite
planar diffusion to the entire electrode surfacesis also the same
for hexagonal arrays. Again, Scharifker28 derived analytical
expressions for these transients as follows. At short times,t <
γ-1 (whereγ ) 2x3 N0kD):

wherek is defined as in eq 6. At intermediate times,γ-1 e t e
(0.75γ)-1:

At long times, t g (0.75 γ)-1, the current density is
Cottrellian:27

Figure 7. Plots of the mean radius,〈R〉, for nearest neighbors as a
function of the nearest neighbor distance for four random ensembles.
Solid lines represent the least-squares fit of an equation of the form:
y ) axb + c to each data set. Each data set is labeled with the nucleation
density.

Figure 8. Plot of the difference in radius,∆R, as a function of the
nearest neighbor distance for random ensembles having a nucleation
density of 2× 1011 cm-2. Even as the mean radius of nearest neighbors
decreases as shown in Figure 7, the∆R increases, as shown schemati-
cally in the bottom figure.

j(t) )
FDAg+

1/2CAg+*

(πt)1/2
πN0kDAg

+ (7)

j(t) )
x3FDAg+

1/2CAg+*

(πt)1/2 [xγ - 1 + γ(π6 - arctanxγ - 1)]
(8)

j(t) )
FDAg+

1/2CAg+*

(πt)1/2
(9)
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A quantitative comparison of the simulation data with the
predictions of these equations is not possible because, as already
mentioned, the area of the hexagonal domain (implicit inN0

andj(t) in eq 7) and the total geometric electrode area (implicit
in j(t) in eq 9) are not the same for our hexagonal ensembles
because the hexagonal array does not cover the entire electrode
surface. We have nevertheless attempted a comparison by using
as the electrode area in eqs 7-9 the area covered by active
(nonguard) nuclei in these arrays. In this case,N0 ) 2/(x3d2),
where d is the distance between adjacent nuclei. This ap-
proximation permits a comparison of thetpeak between the
simulation and eqs 7-9 (Figure 9, dashed line) but it leads to
a calculated Cottrellian current in eq 9 which is too low. When
we calculate the current transient using this assumption, two
disparities between the calculated and the simulated current
transients are observed: First,tpeak occurs at later times in the
simulation current transients, and second, the simulation current
density at short timessneartpeaksis significantly smaller than

is predicted by eqs 7-9. The elucidation of the reasons for this
disagreement will provide a motivation for further study.

Again the solid circles in Figure 9 trace the evolution of the
standard deviation of the particle radius,σR, as a function of
deposition time. As compared with the data of Figure 4 for
random ensembles, the main difference lies in the behavior of
σR for t > tpeak, whereσR no longer increases with time at any
nucleation density. Plots ofσR andσR/〈R〉 versus〈R〉 for these
data shown in Figure 10 show thatsin contrast to random
ensembles of nanoparticles (compare with Figure 6)slow
nucleation densities do not correlate with improved size
monodispersity. In other words, excellent size monodispersity
should be achievable for hexagonal arrays at any nucleation
density even when the growth of adjacent nanoparticles on the
surface is strongly coupled. These data confirm that the spatial
inhomogeneity of the nucleation density is the primary source
of particle size dispersion in experiments in which nanoparticles
are grown under diffusion control on surfaces.

Figure 9. Current density (open circles) and the standard deviation of the particle radius,σR, (solid circles) as a function of time forhexagonal
arraysand six nucleation densities. These BD simulation results represent the mean of three simulations, each of which involved a different silver
plating solution. The standard deviation in the current andσR are indicated by the error bars ((1σ). Data sets are labeled with the nucleation density
in units of 109 cm-2.
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Particle radius distributions are shown in Figure 11 for the
200 particle random ensemble (Figure 11a), and the 217 particle
hexagonal array (three simulations each). These distributions,
which are similar in shape to those obtained at lower particle
areal densities, are skewed and exhibit a tail on the lowR side.
This distribution asymmetry was also seen in a previous
simulation study29 of nanoparticle growth for square arrays of
nuclei. In that work, Bobbert et al.29 used the mean field
approximation to account for microscopic fluctuations in the
diffusion field about each particle. The widths of the distribu-
tions shown in Figure 11 are similar to those reported by
Bobbert. For example, for silver deposition at a nucleation
density of 2× 1011 cm-1 (comparable with the data of Figure
11), Bobbert29 reported σR/〈R〉 values of 4% and 6% at
deposition times of 3 and 15 ms, respectively.

Although hexagonal arrays and random ensembles exhibit
dramatically different behavior at long times, it is important to
note that the evolution ofσR at shorter times,t e tpeak, for these
two types of nanoparticle ensembles isidentical. We discuss
the origin of this evolution ofσR next.

C. The Reason for Size Distribution Narrowing for t <
tpeak. Both random and hexagonal ensembles of nanoparticles
exhibit a rapid increase inσradii at the onset of deposition
followed by a decrease inσradii which continues untiltpeak. What
is the origin of this “size dispersion transient”?

The increase ofσR and its subsequent decrease are both a
consequence of the fact that the number of ions in the vicinity
of a particular nucleus is a stochastic variable. Thus, the number
of ions that arrive at a nucleus at the onset of deposition will
depend on the number which happened to be in the immediate
proximity of that nucleation site when deposition starts. This
number will fluctuate about a mean value that is fixed by the
concentration of silver ions in the solution. Because a very small
volume of solution (i.e., number of silver ions) is “sampled”
by each nucleus at short times,σR increases at the beginning of
the simulation. As the deposition process continues and the
diffusion field moves away from each nucleus, the volume of
solution (and hence the number of ions) which is sampled
around each nucleus increases and, concurrently, the number
of atoms in each nucleus becomes more similar. This brings
about the size distribution narrowing which is seen in all of the
simulations of Figures 4 and 6 prior totpeak.

This qualitative description can be made quantitative as
follows: We assume that the number of atoms,N, in the growing
nucleus is given by

Figure 10. Plots ofσR (a) andσR/〈R〉 (b) as a function of〈R〉 for the
simulation data of Figure 9 (i.e., hexagonal arrays). BothσR andσR/
〈R〉 (see inset) decrease as a function of time following a rapid, initial
increase in both quantities at short times.

Figure 11. Representative particle size histograms for the 200 nuclei
random ensembles and the 217 nuclei hexagonal arrays. All particles
in three separate BD simulations (600 and 651, respectively) are tallied
in these distributions.

N(t) ) 2πCAg+*NA∫a0

∞
r2P(r,t) dr (10)
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whereNA is Avogadro’s number,a0 is the radius of the nucleus
at t ) 0 (i.e., the critical nucleus size), andP(r) is the probability
that an ion initially at a distancer from the center of each particle
will reach the surface of the growing nucleus by diffusion after
a time t. This probability can be found from

where:

is the probability of finding an ion at a distance,r, and a time,
t, that was initially atr ) r′ when there is a perfectly absorbing
barrier atr ) a.30 It is known that the number of ions,i, in a
small volume of solution has a Poisson distribution.31 Because
the number of atomsN in a nucleus is obtained through an
importance sampling of a random variable,N (cf. eq 10), which
has the same Poisson distribution everywhere inside the solution,
the number of atomsN which make up a nucleus is also Poisson
distributed with mean,N:

Hence the standard deviationσN of N is given byxN. The radius
of the nucleus,R, is related to the number of atomsN inside
the nucleus as

If σx is the standard deviation of a random variable,x, then the
standard deviation ofaxb, wherea andb are constants, is given
by abxb-1σx. Hence, the standard deviation of the radius of the
nucleus is

This is approximately equal to:

Thus, the standard deviation of the radius is predicted to decrease
according ton1/6. This analysis is valid for nuclei containing a
minimum of five atoms; for a smaller number of atoms the
Poisson distribution must be replaced by a Bernoulli distribution.

In Figure 12, the prediction of eq 16 is compared withσR as
a function of 〈n〉 (the mean aggregation number) for the
simulation of five randomly nucleated particles. This particular
simulation data set is chosen because the mean internucleus
distances are the largest (see Figure 2) and interactions between
adjacent nuclei at short times can be expected to be the weakest.
Good agreement is seen with the five particle data sets for〈N〉

less than 150: Both the absolute magnitude of the simulation
σR, and it’s initial rate of decrease are consistent with the
predictions of eq 16. For larger values of〈N〉 (i.e., longer
deposition times), the standard deviation increases as a conse-
quence of the flux inhomogeneities caused by the overlap of
the diffusion fields as discussed earlier. For the other simulation
data sets (both random and hexagonal) for larger numbers of
nuclei, the simulationσR was consistently larger by a factor of
1.2-2 compared with the predictions of eq 16. This disparity
is caused, in part, by the effects of diffusion layer overlap at
short timessin advance oftpeak.

Summary

In this paper we have applied the BD method to investigate
the growth of metal nuclei under conditions of diffusion control
and instantaneous nucleation.

The data support the following conclusions:
(1) Three distinct temporal regimesswith respect to the

evolution of size dispersionsexist in the growth of metal
nanoparticles: (i) At short times (t < 20 ns), the standard
deviation of the particle radius,σR, rapidly increases to 0.05-
0.1 nm. (ii) At intermediate times in the interval from 20 to
200 ns,σR peaks and begins to decreasesnearly to zero in some
experiments. This “convergent” growth segment continues until
overlap of the diffusion fields of adjacent nanoparticles on the
surface is nearly complete. (iii) At the longest times investigated
in this study (t > 0.2µs), the behavior of random and hexagonal
ensembles diverge: Random ensembles again transition into a
divergent growth regime in whichσR increases monotonically
with time; the size dispersion of hexagonal arrays, however,
continues to decrease with deposition time.

(2) The size dispersion “transient” which occurs in time
regimes (i) and (ii) above can be quantitatively understood in
terms of the stochastic character of the deposition process. An
analytical expression forσR vs N (eq 16) that predictsσR ∝
N-1/6 is in good agreement with the BD simulation results.

(3) In time regime (iii), the disparity that is seen in the
simulation results for random ensembles and hexagonal arrays

P(r) ) {1 - 2π∫a
∞r′2p(r,r′,t)dr′ if r g a

1 if r < a} (11)

p(r,r′,t) ) 1

8πrr ′xπDAg+t
[e-(r-r′)2/4DAg+t - e-(r+r′-2a)2/4DAg+t]

(12)

fi(N) ) e-N Ni

i!
(13)

a ) x3

a0
3 +

3MAg

2πFAgNA
N (14)

σa ) 1
3[a0

3 +
3MAg

2πFAgNA
N]-2/3x(3a0

3σa0
)2 + ( 3MAg

2πFAgNA
σN)2

(15)

σa ≈ 1
3x3

3MAg

2πFAgNA
N-2/3σn

≈ 1
3x3

3MAg

2πFAgNA
N-1/6 (16)

Figure 12. Plots of σR versus the aggregation number,n, which
compare the predictions of eq 16 (solid lines) with BD results for single
particle simulations (a) and for the five particle random ensembles (b).
Results for three BD simulations were pooled to obtain the solid data
points in both (a) and (b). Vertical error bars in (b) indicate the standard
deviation ofσR for these three data sets. Horizontal error bars in both
(a) and (b) indicate the dispersion ofn about the mean for the three
simulations.
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proves that the increase in size dispersion that is seen for random
arrays is caused by the inhomogeneous distribution of inter-
particle distances which translates into an inhomogeneity in the
diffusion-limited flux at each particle. In essense, the growth
law at each nanoparticle on the surface is different. This is the
major difference between the growth of stationary particles on
surfaces, and growth of diffusing colloid particles in solution:
In solution, it can be assumed that the time-averaged growth
law for each particle is identical.

(4) For random ensembles of nuclei, the width of the particle
size distribution decreases as the nucleation density decreases.
The onset of deleterious interparticle interactions (i.e., temporal
regime (iii)) is delayed as the mean interparticle distance
increases. This outcome is exactly that predicted by Ngo and
Williams8 for the growth of particles on surfaces from gas-phase
reactants.

Two additional points are worth making. First, for the growth
of metal particles on surfaces, it has commonly been assumed
that a broad distribution of nanoparticle sizes implies that
nucleation is progressive. The simulation data presented here
clearly proves that even when nucleation is truly instantaneous,
particle size dispersionwill develop, provided nuclei are
randomly positioned on the surface, and grow at diffusion
control.

Second, it is important to recognize that the existence of
temporal regime (ii) in the growth curves of Figure 4 suggests
a strategy for reducing size polydispersity in randomly nucleat-
ing systems: Nanoparticles are grown using a series of short
deposition voltage pulses which are separated by much longer
“decoupling” intervals during which the solution near the
electrode surface is permitted to mix by diffusion. Compared
with an experiment in which nanoparticles are grown in a single
plating pulse, the size monodispersity of ensembles obtained
using this “multipulse” approach will improve because a
convergent growth segment will be introduced multiple times
(i.e., at the beginning of each bias pulse) into the growth of a
particle. We are currently investigating this hypothesis experi-
mentally.

In addition to providing the specific insights discussed above,
this study has demonstrated the strengths of the BD simulation
method for investigating stochastic processes at electrode
surfaces, and for investigating the various other mechanisms
which are responsible for the development of inhomogeneity
in electrodeposits. We are hopeful that BD will provide a
powerful methodology for investigating a wide variety of other
issues in electrochemistry including compositional inhomoge-
neities (in experiments in which multiple materials are co-
deposited), activation-controlled electrodeposition, progressive
nucleation processes, and transport irregularities at nanoscopic
electrodes.
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